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In memory of Arno Predonzan

1. Introduction

A very natural and old question is the following one: when a (general)
hypersurface of degree d in a projective space P does contain a straight line
or, more generally, a linear space of fixed dimension k (briefly a k-plane)?
and how many are there, in the case that the family of such subvarieties is
not empty? This problem of projective (and also enumerative) geometry has a
very long story. We can go back to the end of the 19th century to find maybe
the first work on this subject. In fact, the italian mathematician Salvatore
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Pincherle, in [12], using an elementary remark of arithmetic type, determined
the degree of the hypersurface in a n-dimensional projective space which
contains a finite number of k-planes. For example, in P”, n fixed, it is the
general hypersurface of degree exactly 2n — 3 which contains a finite number
of lines. In particular, in P the cubic surface, as well-known, contains exactly
27 lines, and in P* the quintic threefold contains 2875 lines. But his reasoning
was not completely precise and produced wrong results, for example in the
case of a general quadric hypersurface of P* which, as it is well-known, does
not contain 2-planes.

In [17] van der Waerden deals with the case of lines on a hypersurface,
also studied by Barth and Van de Ven in [2], who give a different proof for
the fact that the general hypersurface of degree d in P™ contains at least a
line if and only if d < 2n — 3, and the dimension of the family of these lines
is given by 2n — d — 3. This result was extended to k-planes, £ > 1, by
Morin in [10] and by Segre in [13] and [14]. The natural generalization is to
consider a complete intersection variety instead of a single hypersurface.

In 1948 Arno Predonzan established, in [11], a necessary and sufficient
condition in order that a general complete intersection X of codimension r
in the projective space P™ contains a k-plane, and also, as a by-product, the
dimension of the family of k-planes lying on X. Following the style of the
Italian School of Algebraic Geometry, Predonzan’s proof is very intuitive but
not so rigorous. In the present paper, we translate Predonzan’s ideas in the
modern language of Algebraic Geometry and we obtain an elementary and
accurate proof of this result.

Also Tennison, in [16], takes inspiration from Predonzan’s proof in his
study of the family of lines on the smooth quartic threefold in P*. Obviously,
the result by Predonzan is today well-known and there are several proofs
obtained with very different techniques (see for example [1], [3], and [7]).

Extending the techniques used in [16], and after in [5], we organize and
complete the proof by Predonzan for the study of the existence of k-planes
(1 € k <n —r)on a general complete intersection of codimension r in a
projective space P defined on an algebraically closed field of characteristic
zero. The fundamental tools we used are some properties about incidence va-
rieties and two numerical lemmas of combinatorial type. Notice that incidence
varieties can be viewed as a modern expression of the “metodo del computo
delle costanti” used by Predonzan. So we want to prove the following

Theorem (Predonzan). Let X C P", n > 3, be a general (non degenerate)
complete intersection of multidegree d = (dy,...,d,), withd, > ... > dy >
2, and let k be an integer such that 1 < k < n —r. It holds:

D) if a(n, k,d) < 0, then Fi(X) is empty;
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2) if a(n, k,d) > 0, then Fj(X) is non-empty of dimension c(n, k, d), unless
we have d = (2), in which case F3(X) is non-empty of dimension c(n, k, d)
when B(n, k,1) > 0.

In the above statement we have used the following notations

aln, )= (4 D= ) — Y (d;’j
=1

B, k,ry=n—2k—r

and Fj(X) denotes the Fano scheme parametrising all k-planes lying on the
complete intersection X.

2. Setting the Problem

Let P™ = Proj(S) be the projective space of dimension n > 3 over an
algebraically closed field k of characteristic zero, where S = ©g>05; =
k[xg, ..., x,] is the ring of polynomials in n + 1 indeterminates with coeffi-
cients in k. Obviously, for each d > 0 we have S; = H(P", Opn(d)). For
all r-tuple of integer numbers d = (dy, ...,d,), with2 < d; < dp, < -+ - < d,,
we put Sq = Sq, @ --- D Sg,, which is a k-vector space of dimension

Sy (%), If we consider the locally free sheaf Sy = @I Opn(d;) on
P", it holds that HO(P™, Sq) = S4 and the zero locus of the general element
f=(f1,..., fr) € Sq, that is the general global section of Sy, is a (non de-
generate) complete intersection variety of multidegree d.

Let G = G(k,n) be the Grassmann variety of k-planes of P”, which is an
irreducible nonsingular variety of dimension (k£ + 1)(n — k).

Let I be the subscheme of G x S4q whose set of closed points is given by
{(A,f) € GxSq | A C Z(f)}, where Z(f) is the zero locus of the global
section f = (f1,..., f,) of the locally free sheaf S, i.e. the common zero
locus of the homogeneous polynomials f; € Sg,, fori=1,...,7. We call I
the incidence variety of the k-planes on the complete intersections of type d
in P, Taking into account the restriction of the two projection from G x S
to the first and second factor we obtain the following diagram

G L 12 sy

For each A € G the fiber of the surjective morphism ¢ is given by

¢ 'MW ={ADeT|Ac2®} ¥ {feSa| 2() DA} =plg (M)
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Tensoring with Sg the short exact sequence defining A
0 =2y —0Oprn — O\ —0

where 7, is the ideal sheaf of the k-plane A, and passing to cohomology we
obtain the short exact sequence

0— H'P",Sq®In) — H'®P™,Sq) — HYA,Sq® Op) — 0
where
Sa = @iy Opnldy),  Sa @Ip =@ Ia(di), Sa® Op = @iy Opr(ds)
so we get p(q~'(A)) = H(P", Sq ® Iy), and therefore

dimg~'(A) = i (di;”> - i: (dl:j

=1 =1

Since G is irreducible and q is surjective with irreducible fibers of constant
dimension, it follows that I is irreducible, and dimI = dim G + dim g~ '(\)
(see [15, page 76]). Moreover, 1 is nonsingular, since the morphism ¢ makes
I a (geometric) vector bundle on the Grassmannian G, subbundle of the trivial
bundle G x S4. Summing up we have proved the following

Lemma 1. The incidence variety 1 is irreducible, nonsingular, and

dim1 = (k+1)(n — k)+i: (d“”) - i (dfk)
i=1

n =1

Let X be a complete intersection of codimension r in P” with equations
f € S4, then the Fano scheme Fj,(X) parametrising the k-planes lying in X
is given by

Fu(X)=q(p ') = p~ (D).

So we can say that the Fano scheme of k-planes on X is the fiber of the
morphism p on f. If p is a surjective map, then we have

dim F(X) = dimp~'(f) = dim I — dim Sq

=(k+1)(n—Fk)— XT: (di—kz) = a(n, k, d).
=1

Therefore, if a(n,k,d) < 0, then p cannot be surjective, so the general
complete intersection of multidegree d contains no k-plane. Instead, if we
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have a(n, k,d) > 0 and we are able to prove that p is surjective, then the
Fano scheme Fj(X) is non-empty for each complete intersection of type d in
P"™ and also dim Fj(X) = a(n, k, d) for the general one.

Note that the case of a hyperquadric, i.e. when d = (2), must be handled apart,
since in this case it may happen that a(n, k,d) > 0 but S(n, k,1) < 0 (for
example taking n =4 and £ =2 or n =6 and k = 3).

3. Some Numerical Results

Given the following numerical data:
- an integer number n > 3,
- an integer number r such that 1 <r <n — 2,
- an integer number k such that 1 <k <n —r,
- an integer number h such that 0 < h <k — 1,
- an r-tuple of integer numbers d = (dy,...,d,) with2 < d; < ... < d,,
we put:

(i, k@) = (k4 10— ) — 3 (d;’“>
=1

B(n,k,ry=n—2k—r

,
d; th
n,k,h,d)y=(h+1)n—2k+h)—
Yk, by d) = (h+ 1 - ( . )
Now we want to prove the following lemmas of combinatorial nature which
will be essential in the proof of the surjectivity of the morphism p: 1T — Sq.

Lemma 2. letn >3, r=1, 1<k <n—r, and suppose that d = (2). If
B(n, k, 1) > 0, then

(&) a(n,k,d)> 0, and

(b) ~v(n,k,h,d) > 0 for all b such that 0 < h <k — 1.
Proof. (a) By hypothesis we have n — k > k + 1, therefore (being & > 1)
(k+ 1) — k) > (k+1)? > (77), that is a(n, k,d) > 0.
(b) By the hypothesis it follows that v(, k, h, d) = (h+1)(n—2k+h)—("}?) =
(h+1)(n—2k— 1+ g) = (h+1)(n—2k—1)+ (") >0,

Lemma 3. Letn >3, 1 <r<n—-2 1<k <n—r and suppose that
d#2). If a(n,k,d) > 0, then

(@ pB(n,k,r) >0, and

(b) ~v(n,k,h,d) >0 for all h such that 0 < h <k — 1.
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Proof. (a) Firstly we consider the case r = 1 and d > 3. By hypothesis we

have
1 d+k (d+k)---(d+1)
n—k>-—— =
k+1 k (k+ 1)
(k+3)---4 (E+3)k+2) 1
> = > _—k(k+5+1>k+1
- (k+ 1) 6 — 6 ( ) - ’

ie. B(n,k,1)=n—2k—12>0.
Now we assume r > 2. In this case we have

LR ) () (d )
(k+ 1) (k+1)
(k+2)---3 _ k+2

.
=" kv T2 2

n—k

k+r>k+r,

ie. B(n,k,r)=n—2k—1r>0.
(b) Let h such that 0 < h < k — 1. We suppose that y(n, k, h,d) < 0, i.e.

1 " d; th
- —(n — +
P ( L ) < —(n—2k+h)

i=1
while by hypothesis we have

1 zT: d; tk <k

ki1 \ k) ="
=1
so, adding both members of the two inequalities, we obtain
1 i d; tk B 1 i d;+h kb
k+1 k h+14 h

then using the formula #(Wrd) = é(‘f;ﬁ) (true for m > 0 and d > 1), and

m+l\ m

the fact that d; < ... < d, we get

ditk\ [dith
d; — 1 d; — 1

r

< dy(k — h). (%)

=1
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get the contradlctlon r < 2.

Instead, if d#(2") with » > 1, then d, > 3. Now, for d > 3, £k > 1 and
0<h<k-—1, it holds

d+k d+h k_l<d+3> 1<d+j>
. > d(k — h)
) - ()2 ) -2 (0

therefore we have

S (ditk di+h dp+k dp+h
G- (] 1))

so we get the contradiction d,.(k — h) < d.(k — h).

4. The Surjectivity of the Morphism p

We assume that the morphism p is not surjective under the hypothesis
a(n, k,d) > 0, or B(n,k,1) > 0 in the case d = (2), and we look for a
contradiction.

Let Sq = Im(p), then dimSy = dimSq — £ with ¢ > 0. We have the
diagram

1 L G
[N

Sd — Sd

and the dimension of the generic fiber of p on fy € Sy is

S " (dit+k
dimp~'(fy) = dimI — dim Sq = (k + 1)(n — k:)—Z( Zk > +e.
=1

Now, we fix a k-plane Ay € G and we consider the following schemes:
={feSq|AoC Z()} and F={A,HeGxS |ACZH}.

Since 8’ = ¢~ '(Ag), we have

+ " +
dim — Z (d n) (d A)
=1 =1


















