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Formulas for sums of squares and products of Pell numbers
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nell’adunanza del 14 Giugno 2006

Riassunto. /n questo lavoro si pr
quadrati di numeri pari di Pell, somme di quadrati di numeri dispari
di Pell e somme di prodotti di numeri pari e dispari di Pell. Queste
somme hanno delle rappresentazioni interessanti come prodotti di numeri

appropriati di Pell con coefficienti tratti da certe successioni di interi.

Abstract. In this note we prove several formulas for sums of squares
of even Pell numbers, sums of squares of odd Pell numbers and sums of
prodiicts of even and odd Pell numbers. These sums have nice represen-
tations as prodicts of appropriate Pell numbers with terms from certain
integer sequences.

1. Introduction

The Pell and Pell-Lucas sequences F,, and (), are defined by the recurrence

Py =0, P =2, P,=2P, 1+B, , for n>2,

Qo =2, Q1 =2, @n=2Qn1+Qp—2 for n>2
In the sections 2—4 we consider sums of squares of odd and even terms

of the Pell sequence and sums of their products. These sums have nice
representations as products of appropriate Pell numbers.
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The numbers @), make the integer sequence A002203 from [11] while the
numbers % P, make A000129. In this paper we shall also need the sequence

A001109 that we shorten to a; with & > 0. We shall see later that a;, = % Py,

These formulas for sums have been discovered with the help of a PC com-
puter and all algebraic identities needed for the verification of our theorems
can be easily checked in either Derive, Mathematica or Maple V. Running
times of all these calculations are in the range of a few seconds.

Similar results for Fibonacci, Lucas and Pell-Lucas numbers have recently
been discovered in papers [1], [2], [3]. [4] and [5]. They improved some
results in [8].

2. Pell even squares

The following lemma is needed to accomplish the inductive step in the
proof of our first theorem.

Lemma 1. For every m > 0 and k > 0 the following equality holds:

) 2
4 ay [am2 Patam+2 — Q1 Pakam] = Piomez — Pimaa- 2.1

Proof. Letav=1++/2and 3 =1— /2. Noticethata+3=2and - 3= —1
so that the real numbers «v and /3 are solutions of the equation 22 — 2z — 1=0.

. _ 2ad -7
Since P; = (afg) and

TatfB g0 atT8 1is
. = + 7

AT T
for every 7 > —1, the difference of the left hand side and the right hand side of
the relation (2.1) (after the substitutions o’ = A, 37 =B, o =U, gF =V)
and the replacement of v and 8 with 1++/2 and 1 — v/2 we get the rational
function whose numerator is

128 (17— 12 ﬁ) (1 W V)Z) (BZ— (17+12ﬁ) Az)z.

Since U V = 1 we conclude that the above difference is zero and the proof
is complete. 0

Theorem 1. For every m > 0 and k > 0 the following equality holds:

Z Pzzmzz' = Z Pzzi T4 ame1 - 0k Pakom- 2.2)
i=0 i=0
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Proof. When m = 0 the above formula 1s PZZk =4qp Py, It holds as the
consequence of the relation Py, =4 a; that we prove easily as follows.

. 2k_ 22k

(a2+65a+52) (AB — Ba)(Ba+AB)
Ta—paip -

where A=oF, B=3F and a®?+68a+32=0 for a=1++2 and 8=
1-v2.

Assume that the relation (2.2) is true for m =r. Then

Py —4a, =

r+l r

,
2 _ 2 2 _ 2 2
Z Pyjn; = Z Piieii T Pijiopin = Z Py +4ariy ag Poaciar + Pipiopin
-0 =0 =0
r+l
_ 2 2 2
=Y Phit+da,ar Priy + Pirigea — Pry
-0
r+l
_ 2
=Y P5 t4a,a Poiara,
-0

where the last step uses Lemma 1 form = r. Hence, (2.2) istrue form =7 + 1
and the proof is completed by induction. 0

The formula (2.2) shows that in order to sum up m squares of consecutive
even indexed Pell numbers it suffices to know the initial such sum. Hence, we
can view this as the appropriate translation property for sums of consecutive
squares. All other formulas in this note have analogous properties.

The next remark lists some other variants of the formula (2.2). It uses the
integer sequence by, whose first ten terms are 1, 1, 5, 29, 169, 985, 5741,
33461, 195025 and 1136689 and which is not in the Sloane depository [11].
The explicit formula for its terms is

_(+2v2)F2-V2) (-2V2F2+Vv2D)

b
k 4 4

> :(4—a+ﬁ)(3+a—ﬁ)k+(4+a—ﬁ)(3_a+ﬁ)k
8 8

for any integer k. We shall see later that b, = % Py 1.

bi,
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Remark 1. The following are four additional versions of Theorem 1:
For every m > 0 and k > 0 the following equalities holds:

m+1

Z Pl +4 (Z bz) =2 A1 - b1 - Pokr2m 1, (2.5)

Ms

m

2
S PR = (
7=0

a; 1) T4 Q1 - Qi1 - Poteram—2, (2.6)

I
<

Z

3
-

ZP2k+21+4(

bf) =442 ame1 - b - Pagame1, (2.7)

O

2=

+1

> Phiy= PZZZ) T4 1 - -1 - Paksamea- (2.8)

2=

3

O

3. Pell odd squares

The exceptional case (when m = 0) of our second theorem is the following
lemma.

Lemma 2. For every k > 0 the following identity holds:

Py =4+ 4ags Py (3.1

Proof. By the Binet formula F, = % so that we have

Piq —4apa Py —4=P3 — Popa Py, — 4=

_ (2(a2k+1 o ﬁZkH))Z B (2(a2k+2 o /sz+2)) (Z(OéZk o ﬁzk)) 4
a—p a—f a—03

=4AB—1)=0,

where A =% and B = 3%, O

The initial step in an inductive proof of our second theorem uses the
following lemma.
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Lemma 3. For every k > 0 the following identity holds:

Py + Pipiz = 8+ 24 ap1 Poa. (3.2)

Proof. By the Binet formula F, = % so that we have
Pio + P33 — 24041 Poa — 8= Pi g+ Pas — 6 Pay — 8=

(2(a2k+1 _ ﬁZkH))Z N (2(a2k+3 _ 52k+3))2 » (2(a2k+2 _ ﬁzmz))z
a— 0 a— 0 a—0
_8§=8(AB —1)=0,

where again A = o and B = 3% and we substitute 1+ /2 and 1 — /2 for
« and 5 (and their small concrete powers). [

The following lemma is needed to accomplish the inductive step in the
proof of our second theorem.

Lemma 4. For every m > 0 and k > 0 the following equality holds:

_ p2 2
4 apr1 [0ms2 Pakroms2 — Qmr1 Pakiom] = P2k+2m+3 - szﬂ- (3.3)

Proof. The difference of the left hand side and the right hand side of the
relation (3.3) (after the substitutions o™ = A, 37 =B, o* = U, ¥ =V) and
the replacement of o and 3 with 1++/2 and 1 — /2 we get the rational
function whose numerator is

128 (—3+2\ﬁ) ((UV)Z— 1) ((3+2\f2)A2+BZ)2.

Since U V = 1 we conclude that the above difference is zero and the proof
is complete. 0

Theorem 2. For every m > 1 and k > 0 the following equality holds:

m m—1
Y Pl = (Z Pzzm) T4 (1 +amr - age1 - Pakiam) - (3.4)
=0 =0

Proof. The proof is by induction on m. For m =1 the relation (3.4) is true
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by the relation (3.2) in Lemma 3. Assume that the relation (3.4) is true for
m=r.

r+1 r

2 _ 2 2 _
Z P2k+2i+1 - Z P2k+2i+1 + P2k+2r+3 -
2=0 2=0

r—1

2 2 _
Z P t4+4ara ap Pagiar + Pojgps =4t 40 ap Pagiar

i=0
r r
2 2 2 _ 2
+ Z Pt Pojrapiz — P = Z P t4+4a,2 a4 Pariariz,
i=0 i=0

where the last step uses Lemma 4. Hence, (3.4) is true also form =7 + 1 and
the proof by induction is complete. 0

Other versions of Theorem 2 are listed in the following statement:

Theorem 3. For every m > 0 and k > 0 the following equalities holds:

(Z P22k+2i+1) + (Z Pzzl) = 1 - Por1 - Pakvamets (3.5)
2=0 =0

Z P22k+2i+1 = (Z P221+1) + 4 *Amt1 - Ok - P2k+2m+27 (36)
=0 =0

m m+1
(Z P22k+2i+1) + (Z Plzz) =2 am+1 - b - Pakiam3, (3.7
-0 i—0

m m+1
Z Pligin1 = (Z Pzzm) T4 (A1 - A1+ Pagrzmea — 1) (3.8)
i—0 -0

Proof. We shall only outline the key steps in an inductive proof of the formula
(3.6) leaving the details to the reader because they are analogous to the proof
of Theorem 2.

The initial step is the equality Pzzk +1 = 4+ Py, Pyjep which holds for every
k > 0. On the other hand, the inductive step is realized with the following
equality:

_ 2 2
4ag, [amr2 Pakiom+a — Qm1 Pavam2] = Pipiomss — Pimess

which holds for every & > 0 and every m > 0. O
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4. Sums of products of Pell numbers

For the first two steps in a proof by induction of our next theorem we
require the following lemma.

Lemma 5. For every k > 0 the following equalities hold.:
Pori1 =2bgpi1. 4.1

8+ Pop, Popr1 + Papa Pages = 12 Popag b, 4.2)

Proof of (4.1). By the Binet formula we have

2P - ) (G —atpBra—
a—pf 4
@ra-pB-a+p _(27V2) (42— B)
4 2
where A=(1 —v2)F, B=(GB—2v2)fand (1 — V2)?=3—-22. O
Proof of (4.2). When we apply the Binet formula to the terms in the difference

of the left hand side and the right hand side of (4.2) and substitute o = 1 + /2
and 3=1— 2 we get

Poyjei1 —2bp1 =

:O7

(3V2—5)A2C +3(7 — 5V2)(A? — B)A%+
(7+5V2)(46 V2 — 65+3D —3C?),
where we have D =(17+12V2)F, C =GB +2v2)*, B=(3—22)F and

A= (1—-+2)F. Since A2=B. A2C =1 and D = C?, the above expression
is equal to (3 V2 — 5)+ (7 +5v/2)(46 /2 — 65) = 0. 0

With the following lemma we shall make the inductive step in the proof
of the fourth theorem.

Lemma 6. For every m > 0 and k > 0 the following equality holds:

2brr1lam 2 Pakiamia—0mi1 Pariom] = (4.3)

P2z Pokramsz T Prmil Pama.

Proof. Let R denote the difference of the left hand side and the right hand
side of the above relation. We need to show that £ = 0.
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Using the Binet formula and replacing o and 3 with 1++/2 and 1 — /2
we get

R= 1—16 (10—7\6) ((3264+2308 ﬂ) a? z—

(16— 12v2) b*d* + (17— 12v2) d*y — (3264 + 2308 v2) a2
+(3+2ﬂ) d4—c4y—(3+2\ﬁ) 04),
with a =@ +2V2)k, b=(2—=1F, c=(1—-vV2)", d=(/2 - 1),

X
(17 + 122y, y=(17—122)F and z = (17 + 12 /2)". Since a®> =z, y =
b* and d = —c, it follows that R = 0. O

Theorem 4. For every m > 1 and k > 0 the following equality holds:

m m—1
> Poeegi Pok2in1 =2 oot - bt - Pz — Y Pt - Pua - (4.4)
0 0

Proof. The proof is by induction on m. For m =1 the relation (4.4) is true
by (4.2). Assume that the relation (4.4) is true for m =. Then

r+1 r

> Pozi Poevai1 v Paivt Pria =
=0 =0
r—1

.
=Y Popai Poevait 3 Poivt Paiva + Popit Paria + Paiiopiz Paizrss =
0 0

= 2ap+1 b1 Pasar + Papit Papia + Paiari2 Pakiar3 = 2 Gpi2 b1 Parrar+2,
where the last step uses Lemma 6. So (4.4) is true also for m=r + 1. [
Other versions of Theorem 4 are listed in the following statement:

Theorem 5. For every j > 0 and k > 0 the sum > ;% Pora; - Papvaie1 1S
equal to the following expressions:

(Z Py; - sz) T4 Qi1 - ag - P, (4.5)
-0

2 ame1 - bk - Pogsomen — (Z Py - P2i+2) ; (4.6)
=0
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m+1
(Z Py - sz) T4 Ut - -1 - Pakiomes, (4.7)
=0
m+1
2(@m+1 - bre—1 - Paksamea +4) — (Z Py - P2i+2) ; (4.8)
=0

Proof. We shall only outline the key steps in an inductive proof of the
part (4.6) leaving the details and other parts to the reader because they are
analogous to the proof of Theorem 4.

The initial step is the equality 2 by, Par+s — 8 = Pai Par+1 which holds for
every k > 0. On the other hand, the inductive step is realized with the fol-
lowing equality:

which holds for every & > 0 and every m > 0.

2 bplam+2 Pok+om+4 — Gm+1 Param+2] =

P2z Pokcomiz + Pamis Pania,
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