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Abstract. On the ground of previous results concerning the additive
and exponential Cauchy equations, in Part one and Part two of this
search, respectively, we establish extension results for the local solu-
tions f:D c R— R of the further Cauchy equations f{xy) = f(x)+f(y)
and flxy) = f(x)f(y), both restricted to a given bounded domain in R” .
Boundedness of the domain displays meaningful links between the given
equation and other more general ones.
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Riassunto. Sulla base di precedenti risultati riguardanti le equazio-
ni additiva ed esponenziale di Cauchy, nelle Parti I e II di questo stu-
dio, rispettivamente, si stabiliscono risultati di estensione per le solu-
zioni f:D c R— R delle due ulteriori equazioni di Cauchy f(xy) =
)W) e fixy) = f(x)f(y) ristrette su un assegnato dominio limitato in
R*. La limitatezza del dominio mette, tra [’altro, in luce significativi
legami fra ’equazione in esame ed altre pit generali.

Parole chiave: equazioni funzionali, dominio ristretto, estensione.

1. Introduction

Recent results about functional equations on a restricted domain in R’
pointed out that when the domain of the equation is bounded the solutions
are, in general, restrictions of the solutions of other equations on the whole
space, belonging to a suitable class. For instance, the solutions of the re-
stricted additive equation

Jx+y) =)+ () (D
behave like solutions of equations of the class
Jf+y)=f0+fN+K , KeR;

the restricted exponential equation
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fx+y)=fx)f() 2
(for nowhere vanishing f(¢), to avoid the local solutions constructed by
arbitrary functions ([2], [S]) ) is linked to the class

Fx+y)=Kf()f(») 0#KeR;
the restricted quadratic equation

S+ + f(x=y)=2f(x)+27(y)
to the class

S+ +f(x=y) =2f(0)+fO)+f»+K ., KeR
The location in R* of the given bounded domain , as well as its size, will
specify, within the class, the particular equations involved in the solutions.
Results in this frame and extension formulae for the local solutions have
been stated up to now for the additive (1) and the exponential (2) Cauchy
equations ([4], [5]) both restricted to the triangle

E:E(a,b;r):{(x,y)eRz: x>a, y=b, x+y<a+b+r} 3)

for fixed a,b € R, r >0, in the class of functions f : D, = OEJ —> R,
=
where E, =[a,a+r), E,=[b,b+r), E,=[a+b,a+b+r), in
accordance with the usual definitions of the projections of £
E1:={xeR: dy € R such that (x,y) € E }
Ezzz{yeR: dx € R such that (x,y) € E }
E3::{x+yeR: (x,y)eE}.

Now we purpose to continue such a study by considering the two remain-
ing Cauchy equations

S)=f(x)+ () 4)
SC)=7x)f(») (5)

both restricted to the curvilinear triangle
T =T(a,b;r) = { (x,))eR*: x>e, y>eb, xy<e®™ } (6)

for fixed a,be R, r>0; therefore the local solutions will be functions

3
f:Dy= UTJ — R, where the projections
j=1
lez{xeR: dy € R such that (x,y)eT}
T,: {yeR: IxeR such that (x,y)eT }
Ty:={xyeR: (x,y)eTl |
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become, with regards to the set (6),
T1 :[ea’eaw)’ T2 :[eb’ebw)’ T3 :[ea+b,ea+b+r)'

The present Part one of the whole study is devoted to equation (4). The
results stated in next n. 2 will show, in particular, how the extensions of f
outof T, or T, or Ty to R* ( R" class of the real numbers x > 0) depend
on the values of the local solution f restricted to each single projection
T, (j=1,23).

Similarly, the next Part two ([7]) will be devoted to equation (5).

This kind of results can be meaningful (as pointed out in [6]) for a suit-
able approach to the “local stability” of functional equations on bounded
restricted domain.

2. The logarithmic equation
Let the equation

Joy) = fx) + Ay) 4

be restricted to the points (x,y) of the curvilinear triangle

T=T(a,b;r)={(x,y)eR2: xze?, yzeb , xy<ettttr } (6)

3

for givena,be R, r > 0; let f UT ; = R denote any not identically zero
j=1

solution of the equation.

2.1. Local solutions - The standard substitutions
x=e", [f(x)=f(e")=:gu)=g(ogx)
y=e', f(y)=/f(e")=:g(v)=g(logy)

change the given equation (4) into
gu+v)=gu)+g) for (u,v) € E(a,b;r) , (7
where
E(a,b;r)z{(u,v)eRz: u>a, v2b, u+v<a+b+r } 3)
Since the general local solution of (7) is known ([3]), namely
gr)=h(r)+4 ifrela,a+r), g)=h(@)+B if telb,b+r),
g(ty=h(t)+ A+B if rtela+b,a+b+r)

for arbitrary additive #: R — R and constant 4, B , the general local solu-
tion f(w) (w=e") of (4) follows immediately:
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3
Proposition 1. The general solution f : UT . = R of the equation (4)
j=1

restricted to the set T(a,b,r) defined in (6) is given by
fw)= h(logw)+ f(e7)=h(c;), weT;=[e",e" "), j=123, ®);

where h:R — R is an arbitrary additive function (independent on j) and
¢, =a, c,=b, c;=a+b.

2.2. Auxiliary lemmas
In view of the extension results, let us premise two lemmas.
Lemma 1. If g:[a,a+r)U[b,b+r)Ula+b,a+b+r)— R is additive
on the set E(a,b;r) defined in (3), then:
i) The functions defined by
va(D):=gla+1)—-g(a), 7p():=g(b+1)—g(b) ,
Yarp(O)=gla+b+1)—g(a+b)

for t €[0,r) are additive in the triangle
E(o,o;r):z{(u,v)eR2: u=0, v20, utv<r } : 3

ii) The equations
Va0 = 7,(0) = 74 (0)

hold for every te[0,r).
The idea of this lemma originates from [3] (proof of Theorem 3).

Proof of Lemma 1

i) Let us consider the function y_(#) for ¢ [0,7) and the set E(0,0,7).
For arbitrary (&,77) € E(0,0;7) , thus &,1n7,&+1n€[0,r), since the points
(a+n,b),(a,b+n) and (a+<&+n,b) belong to E(a,b,r), equation (7)

implies
gla+b+my=gla+m)+gb) ,  gla+b+n)=g(a)+gb+n),
whence
gla+n)=gb+mn)+gla)-g(b), 9)
and
gla+b+S+n)=gla+S+n)+g(d). (10)

Formulae (9), (10) and (7) infer
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Ya(&+M) =7a(S)=7a ()=
={g(a+s+m-g@-{ga+ ) -gla)}-{gla+n-ga)}
={gla+b+&+m—gla)-g®)j-{ga+ ) -g@}+
~{g®+m-g®)}=o0.
Thus, additivity of y_(f) on E(0,0;r), and similarly for y,(f) and
¥V asp (1), 1s proved.
ii) Formula (9) means y,(#)=y,(¢) for  t<€[0,r); moreover (7) implies

Vars(O)=gla+b+1)—g(a+b)={g(a)+gb+1)}—{g(a)+gb)} = 7, ().

Lemma 1 is proved.

On this ground we shall define
7(0) :=7a(0) = 75() = Vayp (1) , 1€[0,r). (11)
Lemma 2. Let y:[0,7) > R be additive on the triangle E(0,0,r) defined
in (3),. Then the function G:R — R defined by

y(1) , t€[0,r)
G(t)y=< my(@t/m) , t=r, meN suchthat t/me(0,r/2) (12)
~G(-1) , <0

is the (unique) additive extension of y to R.

The definition of G(¢) for # 2r does not depend on the natural m=m(r)
such that ¢/m (0,r/2); in fact for m'<m" with t/m' , t/m"(0,r/2) ,
whence #/(m'm") €(0,r/2), the equations y(z/(m'm"))=(1/m')y(t/m")
=(1/m")y(1/m') hold.

Proof of Lemma 2
Since G extends 7 out of [0, 7) and is odd by (12), it suffices to check its

additivity on the set E X E which consists of the five subsets
E'(r):= E(0,0;r)
Ez(r):: {(x,y) eR?: x,yel0,r), x+y>r }
E3(r):= {(x,y)eR2 X, y2r }
E*(r)= {(x,y) eR*: x>r, yel0,7) }
E°(r)= {(x,y)eRz: xel0,r), y=>r }
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If (xy)eE?(r), choosem=m(x;y)eNsuch that x/m, y/m< r/4,
whence (x+y)/m < r/2; thus

G(x+y)=m y((x+ y)/m)=my(x/m)+ my(y/m)
equals

G(x)+G(y):= y(x)+7(n)= m y(x/m)+my(y/m).
If (x,y)€E>(r), for me N such that x/m , y/m (0,r/4) we get

G(x)+G(y):=my(x/m)+ my(y/m)=my((x+y)/m)=G(x+ ).

For (x,y)e E*(r)andm e N such that x/m e(0,7/4), then y/me(0,r/4),
(x+y)/m €(0,r/2) holds; it follows

G(x)+G(y):=my(x/m)+ y(y)=

=my(x/m)+my(y/m)=my((x+ y)/m)=: G(x + y).
Similarly in E°(r). The additive extension of ¥ to R is obviously

unique. Lemma 2 is proved.

On this ground we will establish, in next n. 2.3, the main result concern-
ing equation (4).

2.3. The extension result

3
Theorem 1. Let f: UT ' = R satisfy the equation
=1
S)=fx)+ () 3)

on the set

T=T(a,b;r)= {(x,y)eR2 cxzel, yzel, xp<e®tttr } (6)
Jfor fixed a,be R, r>0. Then for the restriction f, (j =123)offto T,
there exists a (unique) extension F;:R " — R, given by

F;(w)=G(logw)+ f(¢”)=G(c;) , weR" , j=123, (13);

where G: R — R (independent on j) is a suitable additive function and
¢, =a,c,=b,c, =a+b, withthe following properties:

la) F; (j=1,2,3) satisfies on R* x R" the equation
Fi(xy)=F;(x)+F;(y) + K; (j=123) 14);

Jor K;= G(cj)—f(ecf).
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1.b) F; (j = 1,2,3) is expressed in terms of the corresponding fj in the
following way:

i weT, =[5
mfe @I @), Wt
m=mweN such that (e W' e(l,e™);

F.(w) =
’ —mfj(e‘f(e*cfw)*l/’”)+(m+1)fj(ecf), O<w<e" ",

(15,

m=mw)eN such that (¢ " W)—l/m e(l, e’/z);
~Jj (ezcj w )+ 2f;(”) , e <w<el

where ¢, =a, c,=b, c;=a+b.

Corollary 1. I/ f:[1,e") — R satisfies the equation
S)=f(x)+ f(») “4)

restricted to the triangle
T(o,o;r)={(x,y)eR2: x>1, y>1, xy<e’} (6)o

for some fixed >0, then f has a unique extension F:R* —> R which is
expressed in terms of f as follows

Fow) L welle);
mfw™y L wze', m=m(w)eN
such that w'™ 6(1,€r/2);
F(w) =
_mf(w_l/’”) , O<w<e™, m=m(w)e N
such that wi™m e(l,er/z);
— fw , e <w<l

and satisfies on R x R" the same equation as f. namely
F(xy)= F(x)+F(y) , x,yeR".

Although this Corollary is merely a special case of Theorem 1, it seems
to be of some interest because of the simplicity of the formulae and, chiefly,
the fact that in this case F' satisfies the equation (4), i.e. F'is a proper exten-
sion of 1.
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Proof of Theorem 1. By the usual substitution x =e", y =e" we trans-
form the equation (4) restricted to (6) into the equation

gu+v)=gu)+g(v) » (u,v)eE(a,b;r) (7

where E(a,b;r) is the set defined in (3). According to Lemma 1 and Lemma 2
the function y :[0,7) &> R defined by

7(@) =y, (D)=7, (D) =7 0y (),
where
Ya(@)=gla+7)-g(a), 7p (1) =g(b+7)—g(b),
Yarp(P)=gla+b+17)—g(a+b),
is additive restrictedly to
E(0,0;7) = {(u,v)eR2 cu>0, v20, u+v<r } 3)o
and has a unique additive extension G :R — R given by (12). Obviously,
also the extensions G, , G, , G, of ¥, 7., 7., - respectively, satisfy
Go(t) = Gy(t) = Gyup(t) = G(0)
for ¢ € R ; therefore we can equivalently obtain G(f) from y or fromy, or
Var-

In order to get the extension of f out of T =[e”, e, where ¢, =a,
¢,=b, c¢; =a+b, letus consider

y(0) = glc, +7)~glc;) = f(e" )~ fe”) r€[0,r).
Thus, forx =e”"" T, , G, ()=G, (logx—c,), £ )= f(x), the
first line in (12) can be rewritten as G, (logx—c;) = f(x)=-f(e”),
namely f(x) = G(logx—c;) + f(e) , xel,  (j=123)
(in accordance with Proposition 1). It is natural to define the extension to
R7of f; (i.e. of frestricted to 7)) , out of T',, by
F;(w):= G, (logx — c;)+ f(e”) = G(logx — c;)+ f(e”), xeR", (16);

which is formula (13 )j-
l.a) Now it is easily seen that /7, (j =1,2,3) satisfies equation (14) ,

because for arbitrary x , y > 0 the equations
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Fj(xJ’)_Fj(x)—Fj(y) =
Z@%Kbg@*-%J+f@%ﬁ—ﬁ%xwg»—q>+f@%ﬂ+
—&%Kbgy—%>+f@“ﬁ=C%x@>—fw“)

hold thanks to additivity of G=G, = G, =G,,,;, on R? stated by Lemma 2.

1.5) In view of formulae showing how the extension F; depends on the

values f,(w) for we T, first we shall express G, in terms of f, on the

ground of Lemma 2.

If e e T, =[e”,e7 ), since 7, (7) = 1(D)= f( )= [ (e”) for
7 €[0,7), it follows from formula (12) that
@y = fe) , 1€[0,r);
m{f(ecfﬂ/m) —f(ecf)} ,t2r, m=m({)eN
such that  t/me(0,r/2);
_m{f(ecf_’/m)_f(ecf) } , 1<—r, mzm(t)eN
such that —t/me(0,r/2);

— £+ f(e7) , —r<t<0
forj=123and G, = G onR.

G, ()= (a7,

Now it suffices to join formulae (13); and (17),, putting e =w , for
{ € R, namely 7=logw-c,.

Ifw=e"" e T;, ie. t €[0,r), then the first line in (15); follows from
(16) ;, thanks to additivity of G.

If w>e”", ie. t=logw—c,2>r , the second line in (15); follows
from (16), and from the second line of (17);, with me N such that
(logw—c,)/me(0,r/2), ie. (we “)"™ e, ™).

If0<w<e”, ie. t=log w—c; <0, keeping into account oddness of
G and the last two lines in (17) ;, we shall distinguish two cases:

¢j7r.

1M t<—r,ie. 0O<w<e”"; 2" r<1<0,ie. e’ <w<e”.



42 FULVIA SKOF

In the first case
F,(w) =G, (logw=c))+f(e”) =
——m{ (T L ey [ £
with m € N such that (logw—c,)/m €(0,r/2), and this infers the third

line in (15) ;- In the second case, from the first line in (17)]. we get
-G, (-1)=- { f(ec"_t )— 7€) }; therefore, by (16) ;,
Fi(w)=~ {f(ec’f(logwfc/))—f(ecf) }+ f(e) , e <w<e

and the last line in (15); follows. Theorem 1 is proved.

Remark. The results stated above may be adapted in natural way to the
Pexiderized logarithmic equation

S )= o(x)+y(y)
restricted to T(a,b;r) with the functions @ , i, f, defined respectively on

T,,T,,T, , in the place of the restrictions f,, f,, f; of fin the foregoing
study.
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