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Abstract. On the ground of previous results concerning additive
and exponential Cauchy equations, we continue the study presented in
the Part one, devoted to the equation f(xy) = f(x)+f(v), in order to es-
tablish extension results for the local solutions f:D c R — R of the
remaining Cauchy equation f(xy) = f(x)f(v), restricted to a given
bounded domain in R”. Boundedness of the domain reveals connec-
tions between the given equation and other more general ones.
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Riassunto. Sulla base di precedenti risultati riguardanti le equazio-
ni additiva ed esponenziale di Cauchy e proseguendo lo studio presen-
tato nella Parte I dedicata all’equazione f(xy) = f(x)+f(y), si stabili-
scono risultati di estensione per le soluzioni f:Dc R— R della ri-
manente equazione di Cauchy f(xy) = f(x)f(y), ristretta su un assegna-
to dominio limitato in R~ . La limitatezza del dominio mette in luce i
legami dell’equazione in esame con altre piu generali.

Parole chiave: equazioni funzionali, dominio limitato, estensione.

3. The power equation

The present part of our study, continuing the one in [7], is concerned with
the local real solutions f* of the equation

@)= 1) )

restricted to the curvilinear triangle
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T'=T(a,b:r) = {(x’y)ERZ cx2e, y2el, xy<etttt } (6)

for fixed a,b € R, r >0 . The projections of 7 are given by

Tl =[ea, ea+r) , Tz :[eb’ eb+r) , T3 =[ea+b, ea+b+r) :
the domain of /' is 7, UT, UT;.

Equation (5) can be transformed into

s(u+v)=su)sv) , (u,v) € E(a,b;r), (18)
where

E(a,b;r):= {(u,v)eR2 cuza,vzb, u+v<a+b+r } , (3
by the substitutions x =¢e" , y =e" which imply

f(x) = f(e") =t s(u) = s(logx)

and similarly for f{y). Since it is known ([2], [5]) that the local solutions of

the restricted equation (18) vanishing somewhere in E; =[a+b,a+b+7r)

are made only of identically zero and arbitrary functions, the same does
occur for the solutions flx) of (5) that vanish in some points of

T,=[e"", e“"*"). Therefore in what follows we will work about equation
(5) assuming that
3
f(@)#0 for every te D, = UTj , with T, = [e, e (19)
=1
and ¢;=a,c,=b, c3=a+b.

It is also known ([5]) that every local solution s(f) of (18) nowhere
vanishing in its domain keeps a constant sign in each of the intervals

E =la,a+r), E,=[b,b+7r), E;=[a+b,a+b+r), not necessarily

the same sign in different intervals £, . Therefore the same property holds

forfon T, UT, UT, ,owing to the equations s(¢) = f(e') = f(x).

We shall again make use of the following auxiliary lemmas, proved in
Part one [7], namely

Lemma 1. If
g:la,a+r)ulb,b+r)ula+b,a+b+r)—>R

is additive on the following set
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E=E(a,b;r):={(x,y)eR2: x>a, y2b, x+y<a+b+r } 3)
then:
i) The functions defined by
7,():=gla+1)—g(a), 7, () :=gb+1)—g(b),

Yaw :=8latb+1)—g(a+b)
for t €[0, r) are additive in the triangle
E(O’O;r)::{(usV)GRZ:uZO,vZO,u+v<r}; 3o
ii) The equations

ya(t) = yb(t) = ya+b(t)
hold for every t€[0,r).

Lemma 2. Let y:[0,7) = R be additive on the triangle E(0,0;r) defined in
(3)y - Then the function G:R — R defined by

() , 1€[0,r)
G(t) = {my(t/m) , t=r ,meN such that t/me(0, r/2) (12)
_G() . 1<0

is the (unique) additive extension of y to R.

3.1. Local solutions

First, in order to get the general solution of the restricted exponential
equation (18) (like in [5]) let us define

g(2):= log|s(z)| = log|/(e")

thus (18) is changed into
gu+v)=g)+gv) (uv) €E(a,b;r), (7
with E(a,b;r) defined in (3). From the general solution of (7), namely

, reD, =E VE,VE; ; (20)

g(m)=h(r) + g(c;) —h(c;), te€E;=[c;c;+r), j=12,3, (21)

for  arbitrary additive @ h: R—> R  (independent on ) and
¢, =a, ¢c;=b,c;=a+b, if w=e' for reE,UE, UE, we get
from (20) and (21);
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@ = | 1] =| fw,
|f(w)|: eh(logw)fh(c/)

Thanks to the above-mentioned constant sign of f on each interval
the general local solution of (5) on 7{(a,b;r) is expressed by the fol-

f(ec’)‘ weT;, j=1,2,3.

T

j 9
lowing
3
Proposition 2. The general nowhere vanishing solution f: UT ;>R of
=1
the equation (5) restricted to the set T(a,b;r) defined in (6) is

F(w)= lowm e &

LFE), weT=[e7,e97) , j=1,2,3, (22),

where h : R— R is an arbitrary additive function (independent on j) and
¢ =a,c,=b,c;=a+b.

3.2. The extension result
3
Theorem 2. Let the function f:D, = UT . = R be nowhere vanishing

J=1

in D, and satisfy the equation

S = f()f () Q)

on

T =T(a,b;r) = {(x,y)eR2 cx>e?, y2el, xy<etthtr } (6)

for fixed a, b € R, r > 0. Then for the restriction fj (j=123) of f to
T; there exists a (unique) extension F, :R™ — R of the form

Fi(w)= f(e7).e"0") | weRt | j=1,2.3, 23),

where G: R — R denotes a suitable additive function (independent on j)
and ¢, =a, ¢, =b, c¢; = a+ b, with the following properties:

2.a) F; satisfies on R* x R" the equation

Fya) = F (0 F, () (j=1.2.3) (24)
J

for K, =f(e").e ™ ;
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2.b) F; is expressed in terms of the corresponding fj as follows

Fj(w)z

1iw) L weTy=[e",e7™);

b

m+1
+r

3

m

7 (e .(e W)l/m) f; ()

m=m(w)eN such that (e w)l/ m e (l,er/ 2);
m+1 (25)]
,0<w<e” ",

, w>e

—m

7wy M| e )

m=m(w)e N suchthat (e w)‘l/ e, e/ 2);

[f] (e )] 2.[]’]»(626’ .w_l)] : Lo <w<e

Jorj=123and ¢, =a, c;=b, c;=a+b.
If a=b=0 Theorem2 yields the following

Corollary 2. Let the function f:[l,e")—> R be nowhere vanishing in
[1, e") and satisfy the equation

Sxy) =A%) f(v) (5)

restricted to

T(O,O;r):{(x,y)eRZ: x>1, y>1, xy<er} (6)

for some fixed r > 0. Then f has a unique extension F : R* — R which is
expressed in terms of [ as follows

F(w) =

f(w) , well, e');

)" wzes memnen

such that W™ e(l, €7);
:f(w‘l/’")] - , O<w<e” , m=mw)e N

such that w'" e(l, €7?);

:f(wfl)] B , e <w<l

and satisfies on R* x R the same functional equation of f , namely F(xy) =

=F(0)FQ).
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Proof of Theorem 2. The line of the proof is like that of Theorem 1. By the
substitutions
x=e", y=e", f(e")=su), g(u):=10g|s(u)
and likewise for g(v), equation (5) is changed into
gu+v)=gu)+g(v), (u,v) € E(a,b;r), @)
with E(a,b;r) defined in (3). According to Lemma 1 and Lemma 2, the func-
tions

2

7.(7)=gla+1)-g(a), 7y(0)=g(b+7)-g(b),
Varn (D)= gla+b+1)—g(a+Db)
for 7€[0,r) satisty y_ (7)=y,(v)=y,.,(v) =:y(r); y(r) is additive

on the triangle

E@ﬁn)z{@nﬁeRz:uZO,vZO,u+v<r} 3o

and has a unique extension G:R — R additive on R> given by (12).
Obviously, if G, (t), G,(), G
Vs Vs Vs Tespectively, then G, (1)=G, (1)=G
teR.

To get formula (23) , , giving the extension F; of f (x) out of

() denote the additive extensions of
(t) =G(¢) holds for

a+b

a+b

T, =[e”,e"") (¢,=a,c,=b,c,=a+b)
where 7 =logx—c; €[0,r), let us rewrite the first line in (12) as follows
ch (IOg)C—CJ-) = 7c/ (IOgX—CJ-): 7c/ (T):g(cj +T)_g(cj):
= log| s(c, +7)|~ log|s(c,)| = log[1(e" )/ r(e™) |
(owing to the constant sign of f); thus
c,\ G. (logx—c;) X
S = £ =f@e T kel (=123, (26),

Now it suffices to define F; from (26) ; in the natural way.

2.a). It is immediately seen that F;(w) given by (23); satisfies the equa-
tion (24), on R" x R" ; in fact,
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Fy9)~(K) " Ej0F,0) = £ )05

_ [f(ec/ )] eG(cj).f(eC’ )eG(logx -c;) .f(ecf )eG(logy -c;) -0
thanks to additivity of G = G, on Rx R stated by Lemma 2.

2.b) In order to express the extension F ; (=1, 2,3) in terms of the corre-
sponding restriction f ; of f, itis suitable to consider again how G(7) de-

pends on f, assuming for y(7) ,when 7€ [O,r) , the expression

~log/(e"")

7o, ()= gle; +1)-gle,) = loglf (™)

(Cl =da, ¢ :bs c3:a+b) B
whence

7o () =log £ ) e |
owing to the constant sign of £ on 7,. Thus (12) implies the formula
logl f(e7™/ £ L refon:
m log[ 7™ ] e )J _ t2r. m=m@)eN
such that t/me(0,r/2);
—mlog £ 1], 2o, memwyeN
such that —t/m e (0,r/2);
- log[ 7™ £ )} , —r<i<0,
for j=1,2,3 and G, ()=G() onR.

Now, from (23), and (27), we can deduce (25); (j =1, 2, 3)as fol-

lows.

G., (0= 27),

If w>e”™, ie. logw—c,>r, thesecond linein (27), implies

G, (logw—c;) = mlogfj(ecf*“"g“’*cf”’”)/j;(ecf)];

this formula and (23) ; give the second line in (25) ;.
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For t=logw—c ; < 0 , since G(f) =- G(-t) we will distinguish two cases :

1)y t<—r, ie. O<w<e” ; 2") -r<t<0, ie. €7 <w<e”.
In the first case, from (27), and (23); we get

G, ()= ~mlog| £ ") 1) (t<-r),

Fy(w) = f(e" )-[f(ecf eterrmenimy [ g )] (0<ws<e” "),
and therefore the third line in (25) .

. C.—r C.
In the second case, i.e. for —r<t=logw-c¢; <0, e’ <w<e’,

from G(¢)=—-G(-t) = —log[f(ec’_t)/f(ecf )] and (23), we get the

last line in (25) ;.

Theorem 2 is proved.

4. Local solutions with connected domain

Corollary 1, established in the Part one ( [7] ), and the foregoing Corol-
lary 2 show that when the restricted domain of the equation

fow) =/ ) (4) or fon) =0 /) ()
is the curvilinear triangle with vertex in the point (1,1)

7(0,0; r) = {(x,y)eR2 cx21, y21, xy<e’ }
with fixed » > 0 and therefore 7, =7, =15 =[Lr), every local solution
f:[L,e") > R has a (unique) extension F:R" — R which satisfies the

same equation (4) or (5)on R xR", namely f hasa proper extension.
However, more generally, proper extensions do exist whenever the vertex

(e”,e”) of the curvilinear triangle

T(a,b;r) = { (x,y)eR* : x>e", y2e’, xy<e™ }, (6)
with fixed » > 0, is not too far from the point (1,1), so that the domain
T, UT, UT, =[e”,e“"YUle”,e")ul[e”, e“") of the solution f
turns out to be a connected interval: this property implies that the parameters
K, (j = 1,2,3), in the more general equations satisfied by the extensions

F,, F,, F,, are forced to have value 0 in case of equation (4), value 1 in
case of (5).
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An elementary calculation shows that, for fixed »> 0, the “starlike” set

S(r)::{(x,y)eR2:x>e”,y<e’,y>e”’x }u 28)
u{(x,y)eR21x<e’, y>e”,y<e”x}

has the property that each point (x,y)€ S(r) is the vertex (e“,e”) of a tri-
angle 7(a,b;r) such that the projections 7;, 7, ,7; have connected union.

This fact is quickly checked if 7(a,b;r) is preliminarily transformed into
the set

E(a,b;r) = {(u,v)eR2 cuza,v2b, u+tv<a+b+r },
having projections

E =la,a+r), E,=[bb+r), Ej=[a+b,a+b+r) ,
by means of the wusual substitution x=e", y=e". The set
E, OE, UE, is connected (and 7, UT, UT, too) if and only if

the vertex (a,b) of E(ab;r) satisfies at least one of the following six
conditions:

1) a<b<a+r, 0<a<r;
2) 0<b<r , -r<a<0;
3) b<LZa<b+r, 0<b<r ;
4) 0<a<r s -r<b<0;
5) b—r<a<b , —-r<b<0;
6) a-r<b<a, —-r<a<g.

Such vertices (a,b) fill the following polygon P(r), in the (u,v)-plane,
P(r)::{(u,v)eR2 cu>-r ., v<r ,u—-v<r }u

U{(M,V)ERZZ u<r, v>-r, u—v>—r}

which is changed into the set S(r) of the (x,y)-plane, defined in (28), by the
inverse correspondence u =logx , v=1logy.

Remark. Instead of the curvilinear triangle 7'(a,b;r) the open quadrangu-
lar neighbourhood J(a,b;r) of (e ,e”), defined by

J=J(a,b;r) ::{(x, Y)eR: e <xp<e™ e < L ghrarr }
x

for fixed a,b € R, r >0, might be assumed as the restricted domain of (4)
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or (5). The set J(a,b;r) corresponds in the (u,v)-plane ( by the transforma-
tion u =logx,v=1ogy) to the square neighbourhood /(a,b;r) of the point
(a,b) defined by

I(a,b;r):=

={(u,v)eR2: at+b-—r<u+v<a+b+r, a-b—r<u-v<a-b+r }

Also in the case of the above-mentioned quadrangular domain J, with
fixed r, the points (e“,e”) such that the local solutions of equation (4) or
(5) restricted to J(a,b;r) have a proper extension to R* fill up a suitable
neighbourhood of the point (1,1), given by the set

C(r)=1{(x,y)eR?: y<e®, e <x<e’y? }u

U {(x,y)eR2: y>e ¥, eyl <x<e }
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