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Abstract. Modified Stockwell transforms are introduced to include

the classical Stockwell transforms as special cases. Among them are

also transforms that are reminiscent of the versatile wavelet transforms.

The extension of the absolutely referenced phase information of the clas-

sical Stockwell transforms to the modified Stockwell transforms is given

in terms of Riesz potentials. The resolution of the identity formula, the

continuous and discrete inversion formulas for modified Stockwell trans-

forms are given. The spectra of every modified Stockwell transform are

shown to form a reproducing kernel Hilbert space. Localization oper-

ators based on the modified Stockwell transforms are shown to be Weyl

transforms.

Keywords: Gabor transforms, wavelet transforms, Stockwell transforms,

Riesz potentials, resolution of the identity formulas, inversion formulas,

spectra, reproducing kernel Hilbert spaces, localization operators, Weyl

transforms.

Riassunto. Nel presente lavoro si introducono trasformate di Stock-

well modificate in modo tale che le trasformate di Stockwell classiche

risultino incluse come caso particolare. Tra esse vi sono trasformate che

ricordano la versatilità delle trasformate ondina. Mediante i potenziali

di Riesz viene stabilito un legame preciso tra le trasformate di Stockwell

modificate e quelle classiche. Per la trasformata di Stockwell modificata

vengono provate la formula di risoluzione dell’identità e le formule di in-

versione discreta e continua. Si dimostra che gli spettri delle trasformate

di Stockwell modificate formano spazi di Hilbert a nucleo riproducente.

Si prova infine che gli operatori di localizzazione associati alle trasfor-

mate di Stockwell modificate sono trasformate di Weyl.
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Parole chiave: trasformate di Gabor, trasformate ondina, trasformate di

Stockwell, potenziali di Riesz, formule di risoluzione dell’identità, for-

mule di inversione, spettri, spazi di Hilbert a nucleo riproducente, opera-

tori di localizzazione, trasformate di Weyl.

1. Introduction

Let ϕ ∈ L1(R)∩L2(R). Then for a signal f in L2(R), the Gabor transform Gϕ f
of f with respect to the window ϕ is defined by

(Gϕ f )(b,ξ) = (2π)−1/2

∫ ∞

−∞
e−ixξ f (x)ϕ(x−b)dx, b,ξ ∈ R.

Equivalently,

(Gϕ f )(b,ξ) = (2π)−1/2( f ,MξT−bϕ)L2(R), x,ξ ∈ R,

where ( , )L2(R) is the inner product in L2(R), Mξ and T−b are the modulation
operator and the translation operator given by

(Mξh)(x) = eixξh(x)

and

(T−bh)(x) = h(x−b)

for all measurable functions h on R and all x in R. In signal analysis,
(Gϕ f )(b,ξ) gives the time-frequency content of the signal f at time b and fre-
quency ξ by placing the window ϕ at time b. See, for instance, [2].

The time-frequency analysis of signals based on the Gabor transform Gϕ is
undermined by the fact that the window ϕ is not automatically wide for low
frequency and not automatically narrow for high frequency. Rectifying this
deficiency is one motivation for the wavelet transforms that we now recall.

Let ϕ ∈ L2(R) be such that

∫ ∞

−∞

|ϕ̂(ξ)|2
|ξ| dξ < ∞, (1)

where ϕ̂ is the Fourier transform of ϕ given by

ϕ̂(ξ) = lim
R→∞

(2π)−1/2

∫ R

−R

e−ixξϕ(x)dx, ξ ∈ R,
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MODIFIED STOCKWELL TRANSFORMS 3

and the convergence is understood to take place in L2(R). The Fourier trans-
form ϕ̂ is sometimes denoted by F ϕ. The condition (1) is known as the ad-
missibility condition for a function ϕ in L2(R) to be eligible as a window or a
“mother wavelet”. See Chapter 2 of [3] and Chapter 18 of [10] for details.

Let ϕ ∈ L2(R) be a mother wavelet. Then for all b in R and a in R \ {0},
we define the wavelet ϕb,a by

ϕb,a(x) =
1

√

|a|
ϕ

(

x−b

a

)

, x ∈ R.

It is then easy to see that
ϕb,a = T−bD2

1/aϕ,

where D2
1/a

is the dilation operator defined by

(D2
1/ah)(x) =

1
√

|a|
h
( x

a

)

for all measurable functions h on R and all x in R. Now, we define the wavelet
transform Ωϕ f of a function f in L2(R) to be the function on R× (R\{0}) by

(Ωϕ f )(b,a) = ( f ,ϕb,a)L2(R)

for all b in R and a in R\{0}.
Let ϕ ∈ L1(R)∩L2(R) be such that

∫ ∞

−∞
ϕ(x)dx = 1.

Then, as a hybrid of the Gabor transform and the wavelet transform, the Stock-
well transform Sϕ f of a signal f in L2(R) with respect to the window ϕ is
defined by

(Sϕ f )(b,ξ) = (2π)−1/2|ξ|
∫ ∞

−∞
e−ixξ f (x)ϕ(ξ(x−b))dx (2)

for all b in R and ξ in R\{0}. Putting the Stockwell transform in perspective,
we note that for all f ∈ L2(R), b ∈ R and ξ ∈ R\{0},

(Sϕ f )(b,ξ) = ( f ,ϕb,ξ)L2(R),

where
ϕb,ξ = (2π)−1/2MξT−bD1

ξϕ

Modifi ed Stockwell Transforms 5
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and the dilation operator D1
ξ is defined by

(D1
ξh)(x) = |ξ|h(ξx)

for all x in R and all measurable functions h on R.
We have the following fundamental connection between Stockwell trans-

forms and wavelet transforms, which comes almost for free from the defini-
tions. At any rate, it can be found in [8].

Theorem 1. For all f in L2(R),

(Sϕ f )(b,ξ) = (2π)−1/2e−ibξ
√

|ξ|(Ωψ f )(b,1/ξ), b ∈ R, ξ ∈ R\{0}, (3)

where

ψ(x) = eixϕ(x), x ∈ R.

Although the Stockwell transform so defined is very similar in genesis and
in the formula (3) to the wavelet transform, it is crucial to observe that of par-
ticular significance in the Stockwell transform is the phase correction in (3)

given by e−ibξ, which is induced by the phase function e−ixξ inside the integral
in (2). It is important to note that this phase function specifies the frequency
ξ to be localized, but is not translated with respect to time b as in the case of
the Morlet wavelet transform [5]. To understand this more fully, let us note
that in real-life applications, signals f and windows ϕ are given by real-valued
functions. So, the physically significant phase information arg(Sϕ f )(b,ξ) of
the Stockwell transform (Sϕ f )(b,ξ) at time b and frequency ξ is obtained by
measuring the translated and dilated signal with respect to the phase “inducing”

term e−ixξ, which is kept fixed at time b = 0. In the case of the Morlet wavelet
transform, the phase information is provided by referencing the windowed sig-

nal f with respect to e−i(x−b)ξ. This can be summarized by saying that the phase
information of the Stockwell spectrum is always referenced to time b = 0 and
this information is dubbed absolutely referenced phase information in [8] and
is responsible for the fact that the time average of the Stockwell transform is
the same as the Fourier transform. More details on the differences between
Stockwell transforms and wavelet transforms in signal analysis are given in the
paper [7] by Stockwell.

Theorem 2. Let ϕ ∈ L1(R)∩L2(R) be such that

∫ ∞

−∞
ϕ(x)dx = 1.
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Then for all functions f in L1(R)∩L2(R),

∫ ∞

−∞
(Sϕ f )(b,ξ)db = f̂ (ξ), ξ ∈ R.

Theorem 2 gives an immediate reconstruction formula for the signal f based
on the Stockwell transform Sϕ f . To wit,

f = F
−1

∫ ∞

−∞
(Sϕ f )(b, ·)db, (4)

where F −1 denotes the inverse Fourier transform.
The absolutely referenced phase information as reflected by Theorem 2

comes from the normalizing factor | · | and at the expense of losing the L2

properties of the Stockwell transforms. In other words, Sϕ does not map L2(R)
into L2(R×R).

EXAMPLE 1. By simple computations with the Fourier transform, we get

(Sϕ f )(b,ξ) = (2π)−1/2e−ibξ
∫ ∞

−∞
eibηϕ̂

(

ξ−η

ξ

)

f̂ (η)dη, b ∈ R, ξ ∈ R\{0}.

Let ϕ be the window defined by

ϕ(x) = ae−x2/2(e1/2 − e−ix), x ∈ R,

where a is to be chosen such that
∫ ∞

−∞
ϕ(x)dx = 1.

Let f be a Schwartz function on R such that f (b) > 0 for all b in R. Then as
ξ → ∞,

|(Sϕ f )(b,ξ)| → a(1− e−2)| f (b)|, b ∈ R.

This shows that Sϕ f /∈ L2(R×R).

The following resolution of the identity formula for Stockwell transforms
in [4] contributes to a good understanding of the spectrum of the Stockwell
transform.

Theorem 3. Let ϕ ∈ L2(R) be such that

‖ϕ‖L2(R) = 1

Modifi ed Stockwell Transforms 7



6 QIANG GUO AND M. W. WONG

and
∫ ∞

−∞

|ϕ̂(ξ−1)|2
|ξ| dξ < ∞. (5)

Then for all f and g in L2(R),

( f ,g)L2(R) =
1

cϕ

∫ ∞

−∞

∫ ∞

−∞
(Sϕ f )(b,ξ)(Sϕg)(b,ξ)

dbdξ

|ξ| ,

where

cϕ =
∫ ∞

−∞

|ϕ̂(ξ−1)|2
|ξ| dξ.

If we pick ϕ to be the function on R defined by

ϕ(x) = (2π)−1/2e−x2/2, x ∈ R, (6)

then we get the Stockwell transform first introduced in [8]. Unfortunately, this
window ϕ does not satisfy the admissibility condition (5). As in Example 1, Sϕ

does not map L2(R) into L2(R×R). The range R(Sϕ) given by R(Sϕ) = {Sϕ f :

f ∈ L2(R)} is computed in [11].
The aim of this paper is to introduce the modified Stockwell transforms Ss

ϕ
parametrized by s, where 1 ≤ s ≤ ∞ and

∫ ∞

−∞
ϕ(x)dx = 1.

These modified Stockwell transforms, which are given in Section 2, include the
classical Stockwell transforms when s = 1 and are reminiscent of the wavelet
transforms when s = 2. The significance of the modified Stockwell transforms
is described in Section 2 by displaying the modified Stockwell spectra of a sig-
nal for different values of s. We also give in Section 2 the resolution of the
identity formula, the continuous and the discrete inversion formula for modi-
fied Stockwell transforms. In Section 3, we give a reconstruction formula for a
signal f based on the absolutely referenced phase information of the modified
Stockwell transform and show that a slight variation of the same theme gives a
formula for the Riesz potential of a signal f based on the corresponding modi-
fied Stockwell transform. The range R(Ss

ϕ) of the Stockwell transform Ss
ϕ given

by
R(Ss

ϕ) = {Ss
ϕ f : f ∈ L2(R)}

is computed in Section 4 and it turns out to be a reproducing kernel Hilbert
space. For every signal f in L2(R), the graph G(Ss

ϕ f ) given by

G(Ss
ϕ f ) = {(Ss

ϕ f )(b,ξ) : b ∈ R, ξ ∈ R\{0}}
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is the time-frequency spectrum of the signal f . So, the main result on the de-
scription of the range R(Ss

ϕ) of the modified Stockwell transform Ss
ϕ in Section

4 actually sheds light on the spectrum of the modified Stockwell transform Ss
ϕ

in time-frequency analysis. In Section 5, localization operators for the mod-
ified Stockwell transforms are introduced and shown to be Weyl transforms
after a brief recall of Wigner transforms and Weyl transforms.

2. Modified Stockwell Transforms

Let ϕ ∈ L1(R)∩L2(R) be such that
∫ ∞

−∞
ϕ(x)dx = 1.

Let f ∈ L2(R). Then for 1≤ s≤∞, we define the modified Stockwell transform
Ss

ϕ f of f by

(Ss
ϕ f )(b,ξ) = ( f ,ϕb,ξ

s )L2(R), b ∈ R, ξ ∈ R\{0},
where

ϕb,ξ
s = (2π)−1/2MξT−bDs

ξϕ

and the dilation operator Ds
ξ here is defined by

(Ds
ξh)(x) = |ξ|1/sh(ξx) (7)

for all x in R and all measurable functions h on R. More explicitly,

(Ss
ϕ f )(b,ξ) = |ξ|−1/s′(Sϕ f )(b,ξ), b ∈ R, ξ ∈ R\{0}, (8)

where s′ is the conjugate index of s, and

(Ss
ϕ f )(b,ξ) = (2π)−1/2|ξ|1/s

∫ ∞

−∞
e−ixξ f (x)ϕ(ξ(x−b))dx

for all b in R and ξ in R\{0}.
In view of (8), we see that modified Stockwell transforms modulate fre-

quencies in such a way that low frequencies are amplified and high frequencies
reduced. This is illustrated in Figure 1 for s = 1, s = 2 and s = 8 when the
Gaussian window in (6) is used. We note in particular that very low frequen-
cies, which are almost undetected by the Stockwell transform, can be seen
using the modified Stockwell transform with s = 2 and clearly manifested if
the modified Stockwell transform with s = 8 is used.

With the new normalizing factor for the dilation operator in (7), we have the
following analog of Theorem 1.

Modifi ed Stockwell Transforms 9



Theorem 4. For all f in L2(R),

(Ss
ϕ f )(b,ξ) = (2π)−1/2e−ibξ|ξ|(1/2)−(1/s′)(Ωψ f )(b,1/ξ), b ∈ R, ξ ∈ R\{0}.

REMARK 1. If we let s = 2, then we get the modified Stockwell transform
S2

ϕ, which is reminiscent of the wavelet transform. This is particularly so for
applications for which the amplitude spectra alone are of interest, but the ap-
plicability of the computational techniques available for wavelet transforms is
limited and complicated by converting the scaling variable to the frequency
variable via the equation a = 1/ξ. More precisely, the numerical implementa-
tion to carry out a = 1/ξ may introduce disturbing oscillations.

Theorem 2 on the absolutely referenced phase information comes out in the
form of the following theorem.

Theorem 5. Let ϕ ∈ L2(R) be such that

‖ϕ‖L2(R) = 1.
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10 Qiang Guo e Man Wah Wong



MODIFIED STOCKWELL TRANSFORMS 9

Then for all functions f in L1(R)∩L2(R),
∫ ∞

−∞
(Ss

ϕ f )(b,ξ)db = |ξ|−1/s′ f̂ (ξ), ξ ∈ R\{0}.

An important property of the modified Stockwell transform is given by the
following theorem on the resolution of the identity.

Theorem 6. Let ϕ ∈ L1(R)∩L2(R) be such that

∫ ∞

−∞
ϕ(x)dx = 1

and
∫ ∞

−∞

|ϕ̂(ξ−1)|2
|ξ| dξ < ∞.

Then for all f and g in L2(R), we get

( f ,g)L2(R) =
1

cϕ

∫ ∞

−∞

∫ ∞

−∞
(Ss

ϕ f )(b,ξ)(Ss
ϕg)(b,ξ)

dbdξ

|ξ|1−(2/s′)
,

where

cϕ =
∫ ∞

−∞

|ϕ̂(ξ−1)|2
|ξ| dξ.

An easy corollary of Theorem 6 is that for all f in L2(R),

Ss
ϕ f ∈ L2

(

R×R,
dbdξ

|ξ|1−(2/s′)

)

and
‖Ss

ϕ f‖
L2

(

R×R, dbdξ

|ξ|1−(2/s′)

) =
√

cϕ‖ f‖L2(R).

Theorem 6 also tells us that every signal f in L2(R) can be reconstructed
from its Stockwell spectrum by means of the formula

f =
1

cϕ

∫ ∞

−∞

∫ ∞

−∞
( f ,ϕb,ξ

s )L2(R)ϕ
b,ξ
s

dbdξ

|ξ|1−(2/s′)
.

Following the work [4], we pick a frequency step ξ0 and time step b0 such
that ξ0 > 1 and b0 > 0. Then we discretize the frequency ξ and time b by

ξ = ξm
0

Modifi ed Stockwell Transforms 11
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and
b = nb0ξm

0 .

For all m and n in Z, we let Φm,n and Φm,n
s be defined by

Φm,n = ϕnb0ξm
0 ,ξm

0

and

Φm,n
s = ϕ

nb0ξm
0 ,ξ−m

0
s .

Then we have the following discrete inversion formula for a signal from its
Stockwell transform.

Theorem 7. Suppose that {Φm,n : m,n ∈ Z} is a tight wavelet frame for L2(R)
with frame bounds 1, 1. Then for all f in L2(R), we get

f = 2π ∑
m,n∈Z

ξ
2((1/s)−(1/2))m
0 ( f ,M−ξ−m

0
Φm,n

s )L2(R)M−ξ−m
0

Φm,n
s .

3. Absolutely Referenced Phase Information

From Theorem 5, we can reconstruct a signal f using its modified Stockwell
transform Ss

ϕ f .

Theorem 8. Let ϕ ∈ L1(R)∩L2(R) be such that

∫ ∞

−∞
ϕ(x)dx = 1.

Then for all functions f in L1(R)∩L2(R),

f = F
−1

(

| · |1/s′
∫ ∞

−∞
(Ss

ϕ f )(b, ·)db

)

.

The following result is in fact Lemma 2 in Chapter 5 of the book [6] cast in
the definition of the Fourier transform and the notation used in this paper.

Lemma 1. Let k be the function on R\{0} defined by

k(x) = |x|−1/s, x ∈ R\{0},

where 1 < s < ∞. Then

k̂(ξ) = (2π)−1/2γ(1/s′)|ξ|−1/s′ , ξ ∈ R\{0},

12 Qiang Guo e Man Wah Wong
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where

γ(1/s′) = π1/221/s′ Γ
(

1
2s′

)

Γ
(

1
2
− 1

2s′

) .

We can give a formula, which is an analog of the formula (4) for modified
Stockwell transforms.

Theorem 9. Let ϕ ∈ L1(R)∩L2(R) be such that
∫ ∞

−∞
ϕ(x)dx = 1.

Then for 1 < s < ∞ and f ∈ L1(R)∩L2(R),

F
−1

∫ ∞

−∞
(Ss

ϕ f )(b, ·)db = I1/s′ f ,

where I1/s′ f is the Riesz potential of f given by

I1/s′ f = F
−1| · |−1/s′

F f = γ(1/s′)−1(k ∗ f )

and

(k ∗ f )(x) =
∫ ∞

−∞
k(x− y) f (y)dy =

∫ ∞

−∞

f (y)

|x− y|1/s
dy, x ∈ R.

4. Spectra

Using the resolution of the identity formula given in Theorem 6, we can show
that the range of a modified Stockwell transform is a reproducing kernel Hilbert
space.

Theorem 10. Let ϕ ∈ L2(R) be such that

‖ϕ‖L2(R) = 1

and
∫ ∞

−∞

|ϕ̂(ξ−1)|2
|ξ| dξ < ∞.

Then for 1 ≤ s ≤ ∞, the range R(Ss
ϕ) of the modified Stockwell transform Ss

ϕ
given by

R(Ss
ϕ) = {Ss

ϕ f : f ∈ L2(R)}

is a closed subspace of L2
(

R×R, dbdξ

|ξ|1−(2/s′)

)

.

Modifi ed Stockwell Transforms 13
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Proof. It is clear from Theorem 6 that Ss
ϕ : L2(R) → L2

(

R×R, dbdξ

|ξ|1−(2/s′)

)

is an isometry. Let {Fj}∞
j=1 be a sequence in R(Ss

ϕ) such that Fj → F in

L2
(

R×R, dbdξ

|ξ|1−(2/s′)

)

as j → ∞. For j = 1,2, . . . , let f j ∈ L2(R) be such that

Fj = Ss
ϕ f j.

Then by (7), we see that { f j}∞
j=1 is a Cauchy sequence in L2(R). So, there

exists a function f in L2(R) such that

f j → f

in L2(R) as j → ∞. Therefore

Ss
ϕ f j → Ss

ϕ f

in L2
(

R×R, dbdξ

|ξ|1−(2/s′)

)

as j → ∞. Hence

F = Ss
ϕ f

and this completes the proof.

Theorem 11. Let ϕ be as in Theorem 10. Then for 1 ≤ s ≤ ∞, the range R(Ss
ϕ)

of the modified Stockwell transform Ss
ϕ is a reproducing kernel Hilbert space.

A recall of reproducing kernel Hilbert spaces may be in order. Let X be a
Borel measure space. A closed subspace H of L2(X) is a reproducing kernel
Hilbert space if pointwise evaluation on X is a bounded linear functional on H,
i.e., for all x in X ,

H ∋ f �→ f (x) ∈ C

is a bounded linear functional.
Let H be a reproducing kernel Hilbert space. Then for all x in X ,

H ∋ f �→ f (x) ∈ C

is a bounded linear functional. So, by the Riesz representation theorem, there
exists a function gx in H such that

f (x) = ( f ,gx)L2(X) =
∫

X

gx(y) f (y)dy, f ∈ H.

14 Qiang Guo e Man Wah Wong
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The function K on X ×X given by

K(x,y) = gx(y), x,y ∈ X ,

is the reproducing kernel and for f in H,

f (x) =
∫

X

K(x,y) f (y)dy, x ∈ X .

More details on reproducing kernel Hilbert spaces can be found in [1]

Proof of Theorem 11 Let F ∈ R(Ss
ϕ). Then there exists a function f in L2(R)

such that F = Ss
ϕ f . So, by Theorem 6, we get for all b in R and ξ ∈ R\{0},

F(b,ξ) = (Ss
ϕ f )(b,ξ) = ( f ,ϕb,ξ

s )L2(R)

=
1

cϕ

∫ ∞

−∞

∫ ∞

−∞
(Ss

ϕ f )(b′,ξ′)(Ss
ϕϕ

b,ξ
s )(b′,ξ′)

db′ dξ′

|ξ′|1−(2/s′)

=
1

cϕ

∫

−∞

∫ ∞

−∞
K(b,ξ;b′,ξ′)F(b′,ξ′)

db′ dξ′

|ξ′|1−(2/s′)
,

where the reproducing kernel K is given by

K(b,ξ;b′,ξ′) = (Ss
ϕϕ

b,ξ
s )(b′,ξ′)

for all (b,ξ) and (b′,ξ′) in R× (R\{0}).

5. Localization Operators

Let ϕ ∈ L2(R) be such that
‖ϕ‖L2(R) = 1

and
∫ ∞

−∞

|ϕ̂(ξ−1)|2
|ξ| dξ < ∞.

Let σ ∈ L2(R2). Then as in [10], we can define for 1 ≤ s ≤ ∞ the localization
operator Ls

σ,ϕ : L2(R) → L2(R) associated to the symbol σ and the modified
Stockwell transform Ss

ϕ by

(Ls
σ,ϕu,v)L2(R) =

1

cϕ

∫ ∞

−∞

∫ ∞

−∞
σ(b,ξ)(Ss

ϕu)(b,ξ)(Ss
ϕv)(b,ξ)

dbdξ

|ξ|1−(2/s′)

Modifi ed Stockwell Transforms 15
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for all functions u and v in L2(R). Thus,

(Ls
σ,ϕu,v)L2(R) =

1

cϕ

∫ ∞

−∞

∫ ∞

−∞
σ(b,ξ)(u,ϕb,ξ

s )L2(R)(ϕ
b,ξ
s ,v)L2(R)

dbdξ

|ξ|1−(2/s′)

for all functions u and v in L2(R).
We show in this section that the localization operator Ls

σ,ϕ : L2(R) → L2(R)
is in fact a Weyl transform studied in, say, the book [9]. To recall the notion
of a Weyl transform, let us begin with the Wigner transform W (u,v) of two
functions u and v in L2(R) given by

W (u,v)(q, p) = (2π)−1/2

∫ ∞

−∞
e−ipδu

(

q+
δ

2

)

v

(

q+
δ

2

)

dδ, q, p ∈ R.

Then we have the Moyal identity to the effect that for functions u1, v1, u2 and
v2 in L2(R),

(W (u1,v1),W (u2,v2))L2(R2) = (u1,u2)L2(R)(v1,v2)L2(R).

Now, for every function τ in L2(R2), we define the Weyl transform Wτ :
L2(R) → L2(R) associated to the symbol τ by

(Wτu,v)L2(R) = (2π)−1/2

∫ ∞

−∞

∫ ∞

−∞
τ(b,ξ)W (u,v)(b,ξ)dbdξ

for all functions u and v in L2(R).

Theorem 12. Let ϕ ∈ L2(R) be such that ‖ϕ‖L2(R) = 1 and

∫ ∞

−∞

|ϕ̂(ξ−1)|2
|ξ| dξ < ∞.

Then for 1 ≤ s ≤ ∞ and for all σ ∈ L2(R2),

Ls
σ,ϕ = Wτ,

where

τ(q, p) = (2π)−1/2 1

cϕ

∫ ∞

−∞

∫ ∞

−∞
σ(b,ξ)W (ϕ,ϕ)(ξ(q− p),(p−ξ)/ξ)dbdξ

for all q and p in R.

16 Qiang Guo e Man Wah Wong
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That the localization operator in Theorem 12 is independent of s is surpris-
ing. For a proof of Theorem 12, we use the following lemma, which is an easy
consequence of the definition of a Wigner transform.

Lemma 2. Let ϕ ∈ L2(R). Then for all q, p, b and ξ in R with ξ �= 0,

W (ϕb,ξ
s ,ϕb,ξ

s )(q, p) = (2π)−1|ξ|(2/s)−1W (ϕ,ϕ)(ξ(q−b),(p−ξ)/ξ).

Proof of Theorem 12 Let u and v be functions in L2(R). Then using the Moyal
identity, we get

(Ls
σ,ϕu,v)L2(R)

=
1

cϕ

∫ ∞

−∞

∫ ∞

−∞
σ(b,ξ)(u,ϕb,ξ

s )L2(R)(ϕ
b,ξ
s ,v)L2(R)

dbdξ

|ξ|1−(2/s′)

=
1

cϕ

∫ ∞

−∞

∫ ∞

−∞
σ(b,ξ)(W (u,v),W (ϕb,ξ

s ,ϕb,ξ
s ))L2(R2)

dbdξ

|ξ|1−(2/s′)
. (9)

But, by Lemma 2,

(W (u,v),W (ϕb,ξ
s ,ϕb,ξ

s ))L2(R2)

=
|ξ|(2/s)−1

2π

∫ ∞

−∞

∫ ∞

−∞
W (u,v)(q, p)W (ϕ,ϕ)(ξ(q−b),(p−ξ)/ξ)dqd p.

So, plugging the preceding formula into (9), using Fubini’s theorem and The-
orem 4.3 in [9], we get

(Ls
σ,ϕu,v)L2(R) = (2π)−1/2

∫ ∞

−∞

∫ ∞

−∞
τ(q, p)W (u,v)(q, p)dqd p,

where τ is as asserted.

6. Conclusions

Modified Stockwell transforms are shown to be hybrids of Gabor transforms
and wavelet transforms. Depending on the applications in hand, it is in our
best interests to treat them like one kind and not the other. The absolutely
referenced phase information shows that modified Stockwell transforms have
close kinship with Fourier and hence Gabor transforms. Applications with
the modified Stockwell transforms that bear on the resolution of the identity
formula are best dealt with in the framework of wavelet transforms. It is this
dual nature that distinguishes the modified Stockwell transforms.

Modifi ed Stockwell Transforms 17
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