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A vibrating system is a system that can store energy in at least two forms: in
the case of mechanical oscillators they are kinetic and potential (elastic in
the mass-spring system, gravitational in the pendulum) energy. Vibration
involves a periodic transformation of energy between them.
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Since the efficiency of any energy transformation is always less than 100%,
each time energy is transformed some of it is dissipated and free vibration de-
cays in time, unless the system is supplied of some energy to sustain vibration.

All real world vibrating systems are thus provided with damping, and the
simplest model of a mechanical oscillator is the mass-spring-damper system.
If it is assumed to be linear and time invariant, its time domain equation of
motion written with reference to the configuration space, is

mEck Dkx O £ (¢) , )

where x(z) is the generalized coordinate defining the configuration of the
system, f(?) is an external input (generalized force) acting on it and m, k and
c are three constants defining inertial, elastic and damping properties (i.e.,
defining the capability to store energy in kinetic and potential forms and to
dissipate energy).

This kind of damping is defined as viscous damping. If the system un-
dergoes harmonic oscillation with amplitude x, and frequency w, the energy
dissipated in one oscillation period 7T is

E Oc], Bt 00ex0 . 2)

i.e. is proportional to the square of the amplitude and to the frequency of
oscillation.

This idea can be generalized to the internal damping of materials, modi-
fying stress-strain relationship referred to as Hooke’s law

L UEL
by introducing a dependence of the stress also on the strain rate /1:
O OELOCH 3)

This stress-strain relationship, defining a linear visco-elastic material, is
usually attributed to Voigt [1] and referred to as the Voigt law or Kelvin-
Voigt model. It is equivalent to a spring and a damper in parallel.

If a material behaving in this way is subjected to harmonic loading, an
elliptical hysteresis loop is followed in the (c¢) plane (Fig. 1).

This model was generalized by Kelvin to include the phenomena of relaxa-
tion and creep into a general formulation for linear visco-elasticity

0 00,M0E, 17 00,m4, (4)

where £, [, and [/, are referred to as relaxed modulus of elasticity,

strain relaxation time and stress relaxation time.
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Figure 1: Kelvin-Voigt model: elliptical hysteresis cycle in the (c¢) plane

Experimental observations on engineering materials undergoing cyclic
loading showed that energy losses are proportional to the square of the
amplitude (like in the case of viscous damping) but almost independent of
frequency, at least in a wide frequency range [2]. This last observation is
clearly different from what said for viscous dampers.

I 0

To comply with these experimental results, the model of hysteretic damping
was introduced in the late 1940s and early 1950s [3].

The basic idea is that the phase lag between stress and strain, and hence
the area of the hysteresis cycle in Fig. 1, does not depend on the frequency
of the harmonic motion. In the frequency domain formulation of the equa-
tion of motion (1)

oD+ 0wm)g = 7, 5)

this allows to define a constant complex stiffness, here defined in terms of in
phase and in quadrature stiffness Ul and U0, or

D =0%10"=0(1+0n) . (6)

The second formulation, based on the stiffness U and the loss factor 7 is
usually considered for lightly damped systems.
For a detailed discussion on the use of the complex notation for express-
ing harmonic time histories, see for example [4].
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To comply with the observation that the energy dissipated in a cycle does
not depend on the frequency, the complex stiffness is assumed to be a con-
stant, with the loss factor a characteristic of the material.

For some engineering materials the loss factor, and also the Young’s
modulus, are known to be functions of many parameters, among which the
temperature and the frequency of the harmonic motion are the most impor-
tant.

Since the frequency domain equation of motion corresponding to the vis-
cous damping model of Eq. (1) is

[0PmOjoe Ok, Of, %

it is possible to define a complex stiffness also for the system made by a
linear spring and a viscous damper
ky, Uk Ujlc . (8)

The imaginary part of the complex stiffness due to a viscous damper is
thus proportional to the frequency.

There has been much discussion in the last 60 years on the validity of the
hysteretic damping model, but the fact is that the dependence on the square
of the amplitude allows to introduce linear models and the independency of
frequency (which amounts to saying that the phase lag between stresses and
strains is essentially constant and independent from the frequency) allows to
define a complex stiffness (or a complex Young modulus when working at
the level of material properties).

Clearly the hysteretic damping model cannot hold when the frequency at
which the hysteresis cycle is gone through tends to zero, as it will be seen in
detail below.

This means that hysteretic damping may overestimate the damping prop-
erties of materials when the vibration frequency is very low. Actually, if the
vibration frequency tends to zero, it yields inconsistent results.

It is also well known that the hysteretic damping model can be applied
only to system performing harmonic motion and that, when applied to non-
periodic motion, yields non-causal results [5]. This amounts to say that it
can be introduced into equations of motion referred to the frequency domain
but not to the time domain [4].

A time domain equation like

mx Okl 00 O £ (1) .

has no meaning and must not be used, even if it can still be found (for in-
stance in http://en.wikipedia.org/wiki/Damping).
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The impossibility of using the hysteretic damping model in time domain
formulations is a severe limitation, in particular since nowadays numerical
simulation, based on the numerical integration in time of the equations of
motion, is a basic tool in the dynamic analysis of systems of all types.
Several models for what is commonly called “nonviscous damping” have
been recently founded (eg. [6-12]).

3. Simple formulation of equivalent viscous damping

0 A R

The issue of looking for a model equivalent to hysteretic damping, but
suitable for time domain formulations was particularly felt in the 1950s and
1960s, in connection with the use of analog computers. Analog computers
could be used only to study time-domain problems and thus the usual hys-
teretic damping model could not be implemented on them. The same holds
nowadays for numerical simulation on digital computers.

By comparing Eq. (6) to Eq. (8) it is clear that hysteretic damping is
nothing other than viscous damping with an 'equivalent' damping coefficient

"
Coy DE Dk—. )
o 0
Note that c,, is necessarily a positive quantity (if it were negative, it would
generate energy instead of dissipating it) and then // must be positive. As
pointed out in [13], failure to recognize this resulted in many incorrect
statements in the past.

However, the usefulness of Eq. (9) is dubious: the value of the equivalent
damping coefficient depends on the frequency of vibration (to be more
precise, to the frequency at which the material goes through its hysteresis
cycle) and then cannot be introduced into time domain equations. Moreover,
the equivalent damping tends to infinity when the frequency tends to zero.
This effect is discussed in detail in [4].

A common approximation is replacing the natural frequency of the sys-
tem, that in single degree of freedom systems is

ok
m

for the generic frequency, obtaining

k[
Cyy DE DHM. (10)
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By introducing the damping ratio ¢, defined as the ratio between c and the
critical damping L], =2+/0U, it follows

o :g an

The rationale behind this approximation is the consideration that when
damping is small, it influences the response of the system only when it
works close to its resonant frequency. When damping is important, Eq. (10)
yields a fair approximation, but when it yields a poor approximation damp-
ing has at any rate a little effect on the behavior of the system.

0

This formulation can be easily extended to multi-degrees of freedom sys-
tems by resorting to the modal transformation.

Consider a multi-degrees of freedom system with mixed viscous and hys-
teretic damping, whose frequency domain dynamic stiffness matrix is

K, =—o’M+ [oC+K+ K" . (12)

The eigenvector matrix @ of the corresponding MK system allows com-

puting the modal mass, damping and stiffness matrices 1\_/[, C and K.
Since no small damping assumption has been done for what the viscous

damping matrix is concerned, C is in general non diagonal.
In a similar way, an imaginary modal stiffness matrix can be obtained
Kl=0'K'® . (13)
If K" = nK or the usual relationships for generalized proportional damping

hold, K" is diagonal. If not, but hysteretic damping is small enough, as
usually occurs for structural damping, approximate values of the modal
hysteretic damping of each mode can be obtained by extracting the terms of

K" lying on the main diagonal.
Applying Eq. (2), an equivalent viscous damping matrix

_ ] K"——
Crp= dlag(—"j (14)
Wy,

is readily obtained and back-transformed

Cj[ =0 6]:(1)‘1 ’ (15)
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where symbol —T stands for the inverse of the transpose.

The damping matrix [y is then added to the viscous damping matrix [J
and, together with matrices [] and [J, allows to write a time-domain model
of the system.

Note that not all modes need to be considered in the computation of the
equivalent damping. By introducing a reduced eigenvector matrix ®" of the
MK system instead of @[ a reduced number of modal equivalent damping

coefficients EDDD [lis obtained.

Since hysteretic damping has been assumed to be small, it is enough to
consider the equivalent damping of modes that resonate in the frequency
range of interest.

The back-transformation is then straightforward by introducing
matrix [4]

o'0’'o

instead of 0" into Eq. (15).

Since the modal transformation with a reduced number of modes is
used only in the computation of the equivalent damping, this procedure
holds also for highly non-proportionally damped systems and for nonlinear
system.

0

A different approach to an equivalent model for hysteretic damping made of
a number of springs and dashpots and then applicable to time-domain formu-
lation is what Biot called ‘Voigt model of viscoelasticity’ in [14-15] and now

[ X@)

Figure 2: The Maxwell-Weichert model
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can be defined. Since no masses and no forces are located in points B;, the
corresponding generalized coordinates can be eliminated, obtaining a dy-
namic stiffness matrix of size 2x2, referred to points A and C. The dynamic
stiffness matrix is thus

D]Eﬂ] _DDE[D
kK= R
0 |:_D]DI DDDD (20)
where
1 @00 1 @l
0. =0 — I —
o 0+§Di2+602|::%+ Ell]:2+a)2[3 (21)

Caughey [2] introduced the ratio
0
=— 22
B 5 (22)

between the stiffness and the damping of the [th branch. Its dimensions are
1/s, and thus it has the same dimensions as a frequency.

It represents the pole of the force to speed transfer function of each Max-
well damper (each spring-damper branch). The latter behaves as a pure
viscous damper if

w<<f

or as a mechanical spring if
w>>f
Equation (21) thus becomes

i 8 of
Un=0 +>0 + [ — |. 23
0m 0 5 _[ﬂ2+w2 ﬂz_i_a)zJ ( )

As demonstrated in [2], if the number of damper-spring branches tends to
infinity, the frequency-domain performance of the system of Fig. 2 tends to
be very close to that of the hysteretic damping model. A demonstration,
written using a formalism more close to what we are now used to, is re-
ported in Appendix A.

The Maxwell-Weichert model is theoretically quite satisfactory, consid-
ering also that:

e the hysteretic damping model is at any rate an approximation,

e the hysteretic damping model does not hold at low frequency,

e the hysteretic damping model expressed in terms of U holds only for
low values of the loss factor.
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5. Tuning the Maxwell-Weichert model

The Maxwell-Weichert model introduces, however, a large (theoretical
infinite) number of additional ‘internal’ degrees of freedom, the displace-
ments of points B;. It is thus just a theoretical model that cannot be directly
applied in the numerical integration of the equations of motion.

To be used, it must be approximated by using a finite (possibly small)
number # of dampers.

The contribution of each damper to the imaginary part of the complex
stiffness
op,

o —20
"B+’

reaches its maximum at the frequency
wo=p,, 24)

as can be computed by equating to zero the derivative of the imaginary part
of the complex stiffness with respect to the frequency.

It is then possible to identify a number # of frequencies @, at which each
one of the dampers works at its maximum damping condition defined by Eq.
(24). At those speeds the sum of all terms of the imaginary part of the com-
plex stiffness can be assumed to be equal to 7k:

Zki%=ﬂk forr=1,...,n. (25)
i=1 ﬂz + ﬂr
A set of n equations allowing to compute the various %; is thus obtained
Ak =rnke , (26)
where
__Bb
A, = ﬂiz +ﬂr2 > 27)

k is the vector containing the unknowns &; and e is a suitable unit vector.
Note that matrix A is symmetric.

Stating a set of values of £, all the parameters of the system can thus be
computed.
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6. Single damper model
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7. Multi-damper model

0070000000 botno bonobOitono0r troooo o koo o fomboiboou oooan
T O A AN N 0 W
O o A A

o, =a' o II0Ni=1I 00k . OCTn

000000 B, = e, 1000000000000 O000I0IA IO

a[r—i[

D‘l’ aD]r—iD

2 8 0 A A

A, = il 00

a” >> a" om0 OCL]

i nalalumig
A, - i[mui
A, =g 00 > il imni

U000 0o0ooor boioooooottotor toto oo bodomotl boonitioOoo Dooooon boooooo
0o0oooooonooo

k =y T, =y 0TI

0i—
00000100000 0100000000I000 0010000000
Ay=el 00T

00000000t o0ooNele LOMONOOOIOCIDCONONLI0NCIINE0 D 0000000100000
8 PO A




On the equivalent viscous damping for systems with hysteresis 33

The results obtained for a Voigt damper with 1 to 4 additional degrees of
freedom are reported in nondimensional form in Fig. 4. They are compared
also with those obtained using a damper in parallel (Eq. (10)). The real part
of the complex stiffness has been computed assuming [ = 0.01 and ratio [
has been assumed to be equal to 10.

If the range in which the Maxwell-Weichert damper is tuned is centred
(in a logarithmic scale) on a given frequency (say, the natural frequency @),
the value of wqis

10

o =m0 . (37

From the figure it is clear that the imaginary part of the complex stiffness is
almost constant, and close to that obtained for hysteretic damping, in a wide
range of frequencies, depending on the number of additional degrees of free-
dom considered. The real part is close to that characterizing hysteretic damping.
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Figure 4: Comparison between the equivalent damping computed using Eq. (10), curve
labelled 'parallel', and that computed using a Maxwell-Weichert damper model with 1, 2, 3,
and 4 additional degrees of freedom (U= 10). The real part of the complex stiffness has been
computed assuming 0 =0.01

8. Systems with a single degree of freedom

The application to a system with a single degree of freedom is straightfor-
ward. Consider the system of Fig. 2 and add a mass m in point A, where a
generic force 000 is acting, while point C is supported.

The equation of motion may be written as

OM&-/I0CKH 0K 'x = D(0)F" . (38)

If there are U dampers, the system has [ + 1 degrees of freedom. The dis-
placements vector can thus be written as



34 Giancarlo Genta e Nicola Amati

xOlv, x5 x,p 10 x,,000 0CTI0
D 0NI00I00I00 001000000000 C0000INi0000I0 00000 D 00000 000I0000000]
M OoodD o 0o m dm 00T
Mool 0, 004, D07, W 04,0
0 : 0
0 o, 0O m Og
K’ DB or, m O m: 0T
0 m m g
H oo 7, H
0
CDDUDDDD%] % by ﬂ@m 0CT
U dD 0 an
0o
O-n0
dOa P I LRl
O00I00TF™I0n
FFoooom dm i[mmil

(000000000 00000 000I0IM 0000000000 000000000100 0 0000000000 000000 000
goloobooon:

200 x'[ob X, Xz Xsg 00 x, [ mm 00

Ooomy 0 & 0
O O00I000000000 000000000000 000 o o000 oM CoonoIman

(0000000 Doo0oor ouronoubodnit Dowoko oottt L oo trbooboinit0r toooododan
A R A W

K" O 5( D[uuu 0TI
m

O 0 M
R0 A 00 A A
N A R R R

N A



On the equivalent viscous damping for systems with hysteresis 35

0o 00O o0k, 00,0
D*D%] i Dzzmg) DDZI DDzz*D' (47)
1 0OHH o 0 H

Equation (46) is justified remembering that M;;" = 1 and that C,", 0,5
and DIZ*, DZI* Dzz* and DZI* all vanish.
The eigenvalues of the dynamic matrix (" are the nondimensional roots of

the system
. m
s Os,|— . 48
‘/k (48)

Their imaginary part are the nondimensional frequencies of the damped
free oscillations and their real parts the nondimensional decay rates.
In case of a single damper, /; =2 and the dynamic matrix reduces to

0 01027 2400

o'ood 0 o0p.
1 018
Its eigenvalues are
o DOD*0206y .
1 3D ' (49)
R 2DDD252D617DZ.£D2D2D6;1. oo
3 6D 2 3D

where

D03{/01009703,1201200 3371247
If ) is small enough,

s, 00104, Sz);DDgDi@,Dg@. (50)

The first eigenvalue corresponds to a much damped non-oscillatory mo-
tion and thus has very little importance, while the other two are those com-
monly obtained for systems with hysteretic damping [4].

The situation is similar when #» increases: all the added poles are real and
negative. If » = 4 and n = 0.01, the values of s* are -0.0044+1.0152i (the



36 Giancarlo Genta e Nicola Amati

poles of the original system), plus JCTICTTT] OCICTTT] OOOCTTT OCOCTTT] The
absolute values of the last four are very close to the 4 values of £.

The analysis of the eigevectors confirms that the non-oscillatory motions
involve almost exclusively points B;, one at a time.

9. Systems with many degrees of freedom

After performing the modal transformation, a Maxwell-Weichert damper
can be added to each modal system.

The number of internal degrees of freedom that are added in this way is
equal to the sum of the dampers that are added to the various modal systems.
However, not all modal systems need to be damped, and it is not necessary
to add the same number of dampers to all modes.

The modal equation of motion is thus

{ } | | { }
H 21 22 % (; )
{ ) | :|{ } { }
21 22 0 ’

where another set of coordinates xg has been added to the modal
coordinates m. For each mode considered (the th mode is considered in the
formulas), matrices C and K have a structure of the kind

_ZVJ/: N V2 e _7D_
V2 0o .. 0
K=K [ v, . 0 |, (52)
| symm. 7o |

C=KDDDdiag[0 % VRS ﬁ},

0 0, (53)

Out of the 4 submatrices of the damping matrix, only Cy does not
vanish.
If a solution in the original coordinates (plus obviously coordinates Xg) is
required, to back-transform the matrices it is possible to resort to the obvi-
ous equation
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10. Example: beam on elastic supports

000010007 00 00000 0o 0ob000 foo0ol Do0moniMooobrol boo foDomoom bao
poorooiooorOmootobooi o bt dnoobinoboti oot obom oot ornintmoe
(000000 O00I00ioiiionoiit LiQrooototOIoUotoriodioomEICoDan
I 8 Y
0 A . 0 A Y
000 0o01 Cooooiomoooo0 boodnooono100t0rhitnl, Oromon Ooma10001 fonoma:

A8 A 7 W I A
8 1 TR
(0000000 foiomto0o booooooo boo footroft oiobooD Uhooor 10000mo0n 0l boomedo
U000 o000 0o 0000000t 0o jnoobodr boo Doiniooon Ooof fooddr Donioooo doo
I

oobd  0ioood  00i0boo - 0ioood O

D oooo Ooooo oooonoe
Mmod Chp

0 mooon ooooo O

Hooo oo 8

o000 000000 000000 0000000 O
0 0
00000 00I0000 000000
Koo' U oL I
0 00000 D0ooog O

B0 mooon B



38 Giancarlo Genta e Nicola Amati

4.1718 -0.3838 0.2522 -0.0402
1.0199 -0.8882 0.2522

1.0199 -0.3838 |~
symm. 4.1718

Kl=10°

The natural frequencies of the (undamped) system are

425.6 rad/s=67.74 Hz
1,541.3rad/s =245.31 Hz
3,342.9 rad/s = 532.04 Hz
4,305.9rad/s =685.31Hz .

)y =

The damped poles of the system with hysteretic damping are

-4.6+425.6 [tad/s
-20.2+£1,541.5 Grad/s
-64.3+3,342.9 [rad/s
-72.6+4,306.5 [fad/s .

By using the 'equivalent damping' approach, a viscous damping matrix

108.70 -3.957 -0.685 14.304
83.194 -51.863 -0.685

83.194  -3.957

symm. 108.70

K =10’

is obtained.
The poles are
-4.6+425.6 [tad/s
-20.2£1541.2 [fad/s
-64.3+3342.31rad/s
-72.6 £4305.31irad/s .
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perform the modal transformation only for what the hysteretic damping is
concerned and, if there are other forms of damping, they can be added later,
after back-transforming the model to the 'physical coordinates', plus the
added ones. In this way no small damping assumptions is required for the
other forms of damping.

0.15 |
Equivalent
- — Weichert
0.05
0 AN
-0.05
-0.1
0 0.05 0.1 0.15 ts) 02

Figure 6: Same as Figure 5, but with higher damping

The other limitation of hysteretic damping, linked with its poor perform-
ance at low frequency, is circumvented. In this sense, the model here sug-
gested is better than the original hysteretic damping when the system per-
forms low frequency motions.

A more common approach is that of introducing an equivalent damping
based on the identity of energy losses in resonant conditions. The present
model behaves better than that both at very low and at high frequency but
the results obtained with the two models seem to be quite similar, at least in
the cases studied.



42 Giancarlo Genta e Nicola Amati

0 O A 0

By allowing the number of dampers to tend to infinity, the stiffness [; be-
comes a function of a parameter identifying the infinity of infinitesimal
dampers. Caughey [2] proposed to use £ as a parameter, and to assume that
function 0040 is

0
0p=0,— . (55)
s
where [is a constant linked with the damping of the system.
The sums in Eq. (23) are thus transformed into integrals

oo

03 O

DDDD = DO 1+ DJ —2 [ 2— , (56)
A
@ @

where [ is the minimum value taken by f.
By introducing the variable

b
0]

it follows

DEDD=D{1+ [[ gﬂ +D[J zﬂ} ,
0T+l I
Integrating, and assuming that
D:ng ,

V4

it follows

2
n,|o 2 £
=0 <1+"1In| —+1 |+In/ 1+—artg| — .
o 0{ ﬂn(é‘z ] 77[ 7 g(a)ﬂ} (58)

The complex stiffness of an hysteretic damper should be independent
from the frequency, while that expressed by Eq. (58) is a function of the
frequency. However, in a suitably chosen frequency range, the approxima-
tion is quite good. The ratio between the real and imaginary parts of the
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complex stiffness obtained from Eq. (58) and the ones obtained from the
hysteretic damping model is shown in Fig. 7 as a function of the nondimen-
sional frequency w/e.

Caughey suggested that the nondimensional frequency ®/e must be larger
than 10. From the figure it is clear that the error on the imaginary part is
smaller than 6% and reduces quickly with increasing frequency. The error
on the real part depends on the value of the loss factor: if the latter is small
enough an error smaller than a few percent is obtained in a large frequency
range.

Actually, if the loss factor is not very small, it is possible to decrease
slightly the value of U;and to increase correspondingly the value of [, so
that an even smaller error is obtained.
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Figure 7: Ratio between the real and imaginary parts of the complex stiffness [ obtained from
Eq. (58) and the ones obtained from the hysteretic damping model [y as a function of the
nondimensional frequency w/e

Appendix B. Values of constants y; for a =10

Assume that 0 = 10. The values of » computed numerically are
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